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Abstract - We cannot have a sustainable planet without
stabilizing population. As the world's population grows, so
does the need for resources such as water, land, forests, and
energy. Unfortunately, other endangered plants, animals, and
natural resources pay the price for all of this "increase and
demand" in an increasingly volatile and dangerous climate.
This demands the development of a mathematical model
capable of accurately forecasting future population growth
rates and population statistics. Mathematical models, as one of
the languages of science, may predict the behavior of systems
based on physics, chemistry, biology, and other disciplines.
Certain mathematical models may be used to accurately
forecast economic and social systems, including population
increase. The current work focuses on population growth
mathematical modelling utilizing exponential and logistic
growth models, which are nothing more than differential
equations that allow us to examine population size changes
over time and estimate the population of a given location at a
given time. The prediction is compared to the actual
population of the past, based on a model that accurately
forecasts population growth rates and may be used to
predict future population growth rates.

Key Words: Mathematical modelling, Population growth,
Exponential model, Logistic model, Growth rate, Differential
equations.

1.INTRODUCTION

The projection of a country's population is important for
planning and decision-making in terms of socioeconomic and
demographic development. The world's most pressing
concern now is the enormous population growth. The
growing human population footprint must be taken into
account in any truly meaningful conservation and

sustainability efforts.

Every day, hundreds of thousands of people are added to the
world's population, each of whom need adequate land,
water, shelter, food, and energy to live a decent life. In order
to improve people's living conditions in terms of
fundamental requirements such as food, water, education,
and health care, the society must plan and implement
appropriate measures in a time bound manner.

Mathematical modelling is a broad interdisciplinary science
that uses mathematical and computational techniques to
model and elucidate events in the life sciences, with the goal
of predicting behaviour that is similar to that observed in the
real world.

It involves the following processes.

1. The mimicking of a real-world problem in
mathematical terms: thus, the construction of
mathematical model.

2. The analysis or solution of the resulting
mathematical problem.

3. The interpretation of the mathematical results in

the context of the original situation.

Modelling the growth of a species appears to be difficult at
first, because the population of any species changes in
integer quantities. As a result, no species' population can
ever be a differentiable function of time. But population is a
large quantity hence, when a large population is abruptly
expanded by one unit, the difference is insignificant in
comparison to the initial population.

As aresult, we approximate the large populations in such a
way that they change continuously and areeven
differentiable with time. Future population projections are
usually based on current population and a credible growth
rate, and the growth of various species is governed by first
order differential equations. Furthermore, unrestrained
exponential growth is not feasible in any species since the
population and growth rate are constrained by the
numerous variables that define the species' sustainability
and growth rate.

2. THE EXPONENTIAL GROWTH MODEL

This model was proposed by Thomas R. Malthus proposed in
1798. The main assumption of the model is that population
growth rate is directly proportional to the size of population.

2.1 Assumptions of the Model

The Malthus model is one of the most basic growth models
for any reproducing population; however, it is far too basic
to be effective in most situations. I it assumes that the
population is homogenous (i.e., all members are identical),
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that there is an infinite supply of nutrients, that there are no
geographical constraints, that the population lives in a
uniform and unchanging environment, and that growth is
density-independent. Population expansion is constrained
by a variety of reasons, ranging from resource availability to
predation. Internal system dynamics, such
overpopulation, impose additional constraints. For a limited
period of time, the Malthus model may accurately describe
population growth; nevertheless, unrestricted growth is
never sustainable, and so other components are required to
get a more realistic model.

as

2.2 Mathematical Calculations

Supposing we know the population Py at some given time
t=to, and we are interested in protecting the population P, at
some future time t=ty,

i.e, to find the population function P(t) for t; < t < t, that
satisfies P(to)=Po

Malthus gave the equation
P(t+ h) = P(t) + bhP(t) — dhP(t)

Here I used the fact that the total population at the moment
t+h can be found as the total population at the moment t plus
the number of individuals born during time period h minus
the number of died individuals during time period h.band d
are per capita birth and death rates respectively (i.e., the
numbers of births and deaths per one individual per time
unit respectively). From the last equality I find

P(t+ h) —P(t)
—PE =(b—d)P(t)

Next, I postulate the existence of the derivative
dP—l' P(t+h) —P(t)
dt  he h

We assume for simplicity that both b and d are constant, and
hence obtain an ordinary differential equation

dP
2= (b—DPE®

This can be written as

dp = kP(t)

T (1)

Wherety <t <t,

InP=kt+C

P = Pnekc'r—ruj

(2)

2.3 Geometrical Analysis
Assume equation,

N(t) = Nye'®

Malthusian growth described by Equation 1 can manifest as
both exponential growth and exponential decay (Figure 1);
for instance, exponential growth occurs for all (Figure 2);
however, reversing the sign of r, the model becomes one in
which a population decays exponentially in time as the
fraction r of individuals is removed per unit time (Figure 3).

Viewing the phase line (Figure 1), the linear rate of change in
population size, or density, is portrayed for both exponential
growth and exponential decay. The only equilibrium solution
dN

= 0 occurs when N(t) = 0 Qualitatively, we can judge the

equilibrium point’s stability based on whether trajectories
approach, +co forall = 0 or zero forallr < 0 .

v
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Figure 1: Phase line portrait of exponential model given by
Equation1: phase trajectory reveals the linear rate of
change in growth as a function of N.
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Figure 2: Dynamics of exponential growth given by Equation
1: exponential growth for a set of arbitrary positive growth

ratesr.

t

Figure 3: Dynamics of exponential growth described by
Equation 1 exponential decay for a set of arbitrary negative
growth rates r.

Where N(t) is the population size at the time momentt, kisa
constant known as the Malthus factor and is equal to (b-d), is
the multiple that determines the growth rate.

For any t, we can reasonably state P(t) = 0.If k = 0, the
population will continue to grow. According to Equation
(1) population growth increases as P(t) increases. In other
words, as the population grows, so does the growth rate.
Equation (1) is suitable for modelling population growth
under ideal conditions; nevertheless, we must acknowledge
that a more realistic model must take into account the reality
that a specific ecosystem has finite resources.

2.4 Accuracy of the Model
Let us express equation 2 as

f(t.a,b) = ae®*

We can see the system for the partial Derivatives is no
longer linear. Hence it cannot be easily solved without
applying specific numerical procedures.

af af
— =0and — =0
da_ " b

One can avoid this obstacle by noticing that log fis a
linear function of a and b:

log f(t,a,b) =loga+ bt = A+ bt
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Figure: The total world population during the 20th
century, millions versus years, in logarithmic
coordinates

This transformation is also often useful for presenting
the data in logarithmic coordinates

f(t.a,b) = 1.15 x 107%¢001462¢
f(a, b) = 1600000
which is better than the linear approximation but

worth than the quadratic one, see the graphical
comparison.
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Based on the data of census and available estimates
of population of the last 2000 years we find that the
exponential model is highly inaccurate.
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Figure: The total world population during the 20th
century, millions versus years, and the best exponential
approximation of the data, in logarithmic coordinates.

I used the logarithmic coordinates to plot the population
numbers. lLe, instead of P(t) I plotted log P(t). If the
population growth was exponential then the graph obtained
should have been a straight line which it was not, proving
inaccuracy of Malthus’s Model.

A better initial value problem could be of hyperbolic form

C
P(t) =——
(1) ==
Where € #~ 2 x 10*1,T &~ 2026 (can be found out by the
method of least squares)

This formula is very precise if I consider only 400-500 years
of the population estimates up to 1960. Note that when
t — T,the population blows up. Hence this is also inaccurate.

3. THE LOGISTIC GROWTH MODEL

Verhulst, a Belgian mathematician, showed that population
growth is dependent not only on the size of the population,
but also on how far it is from its upper limit, or carrying
capacity (maximum supportable population). He modified
Malthus's model to make the population size proportionate
to the previous population as well as a new term that’s

a— bP(t)
d
Where a and b are called the vital coefficients of the

population. This term reflects how far the population is from
its maximum limit

3.1 Assumptions of the Model

The logistic model is based on the same assumptions as the
Malthusian model, with the exception that the reproduction
rate is proportionate to the population size when the
population is small and negatively proportional when the
population is high. The carrying capacity is the K at which
the population converges, and the parameter K is defined
conceptually.

However, as the population value grows and gets closer to %,

this new component decreases until it reaches zero,
providing the necessary feedback to restrict population
increase.

Thus, the second term models the competition for available
resources, which tends to limit the population growth.

3.2 Mathematical Calculations

dP(t) aP(t)(a— bP(t))
dt a
dP(t)

ar aP(t) — b(P(t))*

We can assume, K = Ethis is the carrying capacity.

d
FO_po(i-) o

The growth of population in above equation is no longer

infinite, but will reach a maximum value because itis
limited by growth limiting factors (1 — ?)

Growth models that have these characteristics are logistic
growth models that are built based on logistical principles.
This rule leads to the notion that the population will
approach the equilibrium point at a point when the supply of
logistics is very low. Because the number of births and
deaths in the population are expected to be equal at this
time, the graph of its function will be almost constant.

fﬁli—j;%t))=fadt

SR
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Which results in

K

1+ (P—K;— 1) et

P(t) =

where is P(t) the population at time t, F; is the initial
t=0), ie.,
P(0) = P, and k is the carrying capacity (based on the

population (at time

logistical supplies).

Another form of the equation is

P(t) = ki
( )_Po + (K —Fy)e =
or
P() = KP,e™ "t .
_Pge_at-i-(ff—Po) ( )

fort sowork =0, the maximum population size is
Pogx = }1_3% P(t)=K.

3.2.1 Obtaining Equilibrium Points
To obtain equilibrium points

dP() _

dt
Which means either
aP(t)=0=P(t)=0
Or

P(t)

Thus, the logistic equation has exactly two equilibrium
points.

3.2.2 Geometrical Analysis

Viewing the phase line in Figure 1 we can discern a number
of facts concerning the system’s dynamics; in fact, we see
that the equilibria are already obtained graphically. We can
also observe that any point F; on the trajectory will

P(t) dP(t)
dt
dP(t
P>K (t) -
dt
0<P<K dP(t)
—_— >
dt
P=K dP(t)
— 7=
dt
P=0 dP(t)
— 0
dt

Table: Behaviour logistic growth, described by Equation 3
for different cases of N

approach K ans t — cawith the exception of the caseP; = 0

where there is no population.

dtz (K — Py + Pye™)

P(t)

2
The equilibrium at F; = 0 is unstable as @ <0andF, =K
dr

R d*p
represents stable equilibrium as F}O’ where P

asymptotically approaches the carrying capacity K.

Ppox = }1_31’2 P(t) =K where P, >0

A point of inflection occurs at P =§ for all solutions that

cross it, and we can see graphically that growth of P is rapid
(graph has upward concavity) until it passes infection point

P =§ From there, subsequent growth slows (graph has

downward concavity) as P asymptomatically approaches .

At point of inflection

And
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v
dt

Figure 4: Phase line portrait of logistic growth, as described
by Equation 3.

—

! t

0

Figure 5: Dynamics of the logistic model given by Equation 3

3.2.3 Maximum Specific Growth Rate and Lag Time
The maximum specific growth rate p is the slope of the

line tangent to the curve at the inflection point £,

_dP(t)
dt li=,

And the lag time A denotes the intercept with the t-axis of

this tangent line.

For the logistic model the maximum specific growth rate is
given by,

o PUK(K—PU)RE_HF
H= B+ (K —Pyery?

Where,
1 K-P,
tr= Efog ( P, )
B Ka
H=73

I obtained a value of maximum specific growth rate and it
is independent from the choice of the initial size F,.

The line tangent to the logistic curve at its inflection point
is represented by,

o K H‘l (K—PU)
PrMTZ T8 R,

The lag time of the logistic model is,

K_K (K’—PU)_O

Hito gl )=
_EK (K—PU) K

wi=glgl——)-3

1 (K—PU) 2

0<Py<——
071 +e?

3.2.4 Threshold Crossing
The time that the value of the population size spends below
(or above) a specific threshold denoted by S.

For a growth model P(t), we want to analyse time instant 8
when P(t) crosses S, given that § = P(0).

If we consider bounded populations, the threshold S
represents a percentage p of the carrying capacity K

S=pKwithP(0)<S <K
Which can be written as,

Py

<p=<l1
Kp

KP,
Py + (K —PBye

P(6) = S =pK
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Fb
PR ¥ (K—F)e @

1 1—-
= tF——log(—p)

We can examine if, and when, the time instant 6 precedes
the inflection point t. Clearly, it depends on p.

We can conclude,

e Whenl {p{%thenﬁ'{ tr.
. Whenp=%then6‘= tp

. When%:ip:ilthenﬁ'::tp

3.2.5 Calculating K without ‘a’
If put time t=1 and t=2, then the values of P are P1 and P>
respectively, from equation 4 we get,

1(1 oy = 1 e™" y
FU )
1 1 e 2@

_(1_9_2'5[):—— B
K P, PR (B)

Dividing equation (B) by (A) to eliminate é we get,

1 e—2a
_ P P
(1+e 1)=—i_e_°a
fﬁ Ph
_QZPU(PZ_PJ.)
FE(FH __Fb)

Substituting value of e~ from equation (A),

B P2 — PP,

3.3 Accuracy of Model

Again, using the available data and the method of the least
squares, I can estimate the three parameters of the logistic
curve, and find, e.g., that K = 11740, that is, the world
population will stabilize at approximately 12 billion people,
see the comparison of the data with the best logistic fitin the
figure below.
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Figure: World population versus time, in millions, for the
last 65 years and the best logistic fit together with
prediction increase of the world population of the world
population

3.4 Some variations to Logistical Model

3.4.1 Logistics Growth Model with Time -Dependent
Carrying Capacity
Carrying capacity K in equation 4 is modelled as a function of
time and the amount is assumed to be more than zero, or the
initial carrying capacity is ki > 0. The growth of the carrying
capacity of the environment will stop when it reaches its
maximum, for example k.
These assumptions cause the growth equation that is
influenced by the carrying capacity of the environment to be
the logistical equation 2 where K(t) satisfies the logistical
equation 3

d
0. (s 5)

In this model it is assumed that the carrying capacity is also
modelled with alogistical model that is identical to equation
3.

The population at one time is assumed to be more than 0 (k1
> 0) and its growth will stop when it reaches the maximum
population k,. Using this assumption obtained a population
growth model which is a modification of equation 3 with

N(t) = (K(t)- ky)

and
K = kz
Or,

dK(t)
dt

(5)

_ ay (K()- kl)(l _M>

kz

with a, is intrinsic growth rate. The particular solution of
equation 5 is,
k, +kje i+ k,

1+ et

K(t) =
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Or,

k
K(t) =k +——

14 kyetat

Ifa; = Othenfort — coobtained K(t) = ky + ks, it

means that the saturation point for growth in carrying
capacity is when K(t) = k; + k,.

By substituting equation (7) to (3), obtained the rate of
population growth with environmental carrying capacity
as a function of time as follows

dP(t) P(t)(1 + e~%)
a - F® (1 Tk theut + kz)

dP(t) (ky + kye %% + ;)P
dt  (2ky +k, — 2Py)e™ + Py(1 + e~%7)

Calculating Equilibrium Points,
'Pl == 0

And,

ky + ke ™ +k,
27 1+ea

if t = coand K(t) = ky + k,, max population is

obtained,

ke 4k
max 2(1 4 e~f)

Maximum growth rate is,

dP(t) _
(&)...”

3.4.2 Logistic Harvesting Model with Time-Dependent
Carrying Capacity

a(k, + kje™®f + k;)
4(1 4 e~uf)

Let j(P) be the rate of growth with the carrying capacity of

a time-dependent environment as follows

P(t)(1+e ™t
j©) = ap() (1~
Let us assume r(N) is the rate of harvest with «a is the
effort of the harvest rate. Effort of harvest rate is a positive
constant.

(N) = aP

The rate of population growth with time-dependent
harvesting is defined as the rate of population growth with
environmental carrying capacity j(P) which is affected by

the rate of harvesting with time dependent r(P}. So, the

harvesting model is

dP(t) .
—ar j(P)—r(P)
dP(t) P(t)(1+e™™t)
Sdt aP(t) (1 Ck +ke itk ) P (t)
Calculating Equilibrium Points,
Pl =0
And,
(a—a)
Pz = (kl + kz)

a
Maximum population with harvesting is,

(a—a)(k; + ke ™ +ky)
Pmax = 2a(l + e~®f)

Maximum growth rate is,

dP(t) _(a—a) (b + ke + k)
dt N 4a(1 + e~ 3t)
max

4. EXPONENTIAL VS LOGISTIC MODELS - WHICH IS
BETTER?

[ will use data by UN World Population Prospectus (2019)
to model population. I will predict population based on
both exponential and logistic models and match with
actual data by United Nations.

Note: The data Provided by the UN is in thousands.
4.1 Exponential Model

We have,

P = Pyek(t-ta)

Where t = 1970, t, = 1960,
P, = 3034950 and P = 3700437

1 (3700437
= 15" 5amm0%0)

70 ™\3032950

k = 0.01982559709
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Average growth rate per year is 1.982559709
P = 3034950 x o0-01982559709(z~1960)

4.2 Logistic Model

As we have data of years in multiples of ten, we consider
10 years as 1 unit.

P

max —

K

B P2 — PyP,

Where,

P, = 3034950 (Population in 1960)

P, = 3700437 (Population in 1970)
P, = 4458003 (Population in 1980),

Prax = K = 15116431.3

K
71

Q=Eln f

To calculate a, we use
t=1,P, =3034950,P(t) = 3700437 and K=
15116431.3

By putting these values in above equation, we get,

a = 0.254914399

Which means growth rate in ten years is 25.4914399% or
average growth rate per year is 2.54914399 %

P(t) = 15116431.3
- 15116431.3 —0.254914399¢
1+ (“3033050- — 1)

The data after calculations is tabulated in table below: -

Year Actual Exponential Logistic Model
Population Model

1960 3034950 3034950 3034950

1970 3700437 3700437 3700437

1980 4458003 4511848.298 | 4458008.999

1990 5327231 5501181.364 | 5298675.558

2000 6143494 6707449.896 | 6205578.649

2010 6956824 8178222.301 | 7154587.435
2020 7794799 9971497.52 8116533.235
2030 8548487 12157992.18 | 9060629.945
2040 9198847 14823929.26 | 9958314.684

*The data beyond 2020 in Actual population is the estimate
provided by the UN.

5. CONCLUSIONS

I have explained both exponential and logistic models in
detail, and have later compared both of them with real time
data from the United Nations. Based on my calculations, I
have concluded, that the Logistic model is much more
accurate that the exponential counterpart. The carrying
capacity of the world is 15116431.3 thousand and growth
rate is approximately 25.49% as calculated by the Logistic
Model. Based on this model we also found out that the
population of the world is expected to be 9958314.684 in the
year 2040.
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