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Abstract - Functionally Graded Materials are the advanced
composite materials which are characterized by the gradual
variation in material properties (composition) and structure
over volume which results in corresponding variations in the
properties of the material. FGM can withstand high
temperatures and efficient in reduction of thermal stresses.
Significant studies are reported for predicting the vibration
characteristic of Functionally Graded Material plate subjected
to both mechanical and thermal loadings. This article presents
a complete review of application of FGM, various processing
methods of FGM, developments, different mathematical
idealizations of functionally graded materials, modelling
techniques, temperature profiles and various solution methods
and techniques which are adopted for the vibration analysis of
FGM plates. Efforts have been made to focus the discussion on
the various research studies conducted until recently for the
vibration analysis of FGM plates. Finally, some important
conclusions and suggestions for future research are presented
in this area.
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1. INTRODUCTION

Materials have played an important role in the
development of our society. The scientific use of base
materials available in various inorganic and organic
compounds has paved the way for the development of
advanced polymers, engineering alloys, structural ceramics,
etc. The structure of development of modern materials is
illustrated in Figure 1. Therefore, composites are a class of
advanced materials made by combining one or more
materials in the solid state with different chemical and
physical properties. These composite materials offer
superior properties compared to their original materials and
are also light in weight. Functionally graded materials
(FGMs) are the advanced materials in the family of
engineering composites consisting of two constituent phases
with continuous and smoothly variable composition. FGMs
are an advanced class of composite materials with variable
material properties over the change in dimension. De-
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lamination is a major concern issue in the reliable design of
advanced fiber reinforced composite laminates. In laminated
composites, the separation of layers caused by high local
inter-laminar stresses leads to a destruction of the load
transfer mechanism, a reduction in stiffness, and a loss of
structural integrity, resulting in a final structural and
functional failure [60]. In Functionally Graded Materials, due
to the gradual change in the material property from one
surface to the other, it can eliminate inter-laminar stresses
due to sudden change in material properties. These
advanced materials with developed gradients of the
composition, structure and specific properties in preferred
direction/orientation, are superior to a homogeneous
material of similar constituents. In functionally graded
material mechanical properties such as Young's modulus of
elasticity, Poisson's ratio, modulus of elasticity, and material
density varies smoothly and continuously in the preferred
direction of structural member. The FGM materials and their
composition are selected based on the function that the
material has to perform. Ceramic metal FGMs are commonly
used as thermal barrier coating material, where the ceramic
surface will withstand temperature and the metal matrix will
provide strength. The idea of FGM originated in Japan in
1984 for space research, in the form of a temperature
resistant material that can withstand a temperature of
2000K and a thermal gradient of one thousand Kelvin with
thickness less than ten millimeters. Functionally graded
materials can also be used under adverse operating
conditions such as high temperature and humid
environment. These materials have applications in rocket
heat shields, structural walls of thermal and acoustic
insulation, wear resistant coatings, thermo-electric
generators, heat exchanger tubes, fusion reactor thermal
coatings and electrically insulating metal / ceramic joints.
FGMs consisting of metal and ceramic components are well
known for improving the properties of thermal barrier
systems due to cracking or delamination, which is often
observed in conventional multilayer systems, and is avoided
because of a smooth transition between the components of
system properties [60]. The structural unit of a FGM can be
represented by the material gradient index. Material
gradient index indicates the rate at which material
properties are varying. The chemical composition, geometric
configuration and physical state of the FGM’s depend on the
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material gradient index. The most common FGMs are metal /
ceramic composites wherein the ceramic part has good heat
resistance and the metal part has excellent fracture
toughness.

FGM
- Composites N
-ﬁulkComposifes. :
[Alloy l lGlasses ‘ ICeramics‘ IPolymers l IElastomers |
Metals Non Metals'
lnorganic Compounds (rganic Compound§
Base Elements

Fig -1: Representation of modern material hierarchy [60]

1.1 Structure of Functionally Graded Material

By varying percentages of volume fractions of two or more
materials, spatially FGMs can be formed which have a
desired property gradation in spatial directions [60]. The
structural unit of FGM is referred to as element or material
ingredient. It is a basic unit for the construction of a FGM
which includes various aspects of its chemical composition,
physical state and geometric configuration. FGMs were
developed by combining the advanced technical material in
the form of particulates, fibers, whiskers or platelets. In the
continuous drive to improve structural performance, FGM
are developed to scale microscopically material architecture
to optimize certain functional properties of structures [60].
In FGMs, material components can resemble biological
entities such as cells and tissues, for example, bamboo, shell,

tooth, and bone, all of which have graded structures
consisting of biological material components. Table 1.1
shows the composition of FGM material constituents and
Table 1.2 illustrates metal-ceramic FGM.

Table 1.1: FGMs can be composed of various Material
Constituents [82]

Chemical inorganic, organic, ceramic, metal, polymer

electronic state, ionic-state

crystalline state, dipole moment, magnetic
moment

band gap, potential well, barrier

Physical

Geometrical | granule, rod, fibre, platelet, sheet

Pore, texture, orientation

Biological complex, macromolecule, organelle, cell,

tissue

Table 1.2: Illustration of a Metal-Ceramic FGM [82]

High Ceramic Heat resistant
temperature rich Good anti-oxidant
side properties
Low thermal
conductivity
Low Metal rich | Mechanical toughness,
temperature Strength,
side High thermal
conductivity
High fracture toughness
In between Ceramic + | Effective thermal stress
Metal relaxation throughout

In FGM the gradation of properties may be continuous at the
microscopic level, or they may be discontinuous (layered-
laminated) which may be formed by gradients of metals,
ceramics, polymers or porosity / density variations as shown
in Figure 1.2. The gradual change of material properties
leads to a very efficient material, which is tailored to our
needs. Figure 1.2 illustrates the composition change from
one surface to another.
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(b) as a continuous medium

(a) at the microstructure level
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Fig-2: The compositional variation from one surface to
another; (a) on the microstructure and (b) as a continuous
medium [4]

1.2 Mathematical Modeling of Functionally Graded
Materials & its various areas of analysis

Mathematical modeling involves the study of the constitutive
relationship of the material and the analysis of structural
elements, i.e. plates, solids, and shells, etc. made from FGM
under various loading conditions. Table 1.3 summarizes the
developments in the modeling of constitutive behaviour and
Table 1.4 summarizes the previous analytical studies.

Table 1.3: Constitutive Relations

1. Assumed Variation of Material Properties

e Polynomial Profiles (e.g., E =ag+ajz+ a222 )

e Exponential Profiles (e.g, E = EoeBX )
e Piecewise homogenous layers
(Ej. vj.pj. xj, i =layernumber )

2. Micromechanics Approach
Variational methods
o Upper and lower bounds of effective elastic
moduli
e Eshelby-type inclusion theories
o Mean-field schemes, Self-consistent
schemes
o Generalized self-consistent schemes
e  Percolation, Multiple Scattering theories

Table 1.4: Analytical Studies

1. Interface Cracks
Cracks in Graded Interface Region
o Mixed Boundary Value Problem
e Thermal loading environments
e Optimize material property variation
o Criteria: reduced in thermal stresses,
residual
2. Thermo-mechanical Problems
e Study of thermal stresses
e Residual stresses, surface cracks during
cooling
e Uncoupled and coupled thermo-elastic
equations
e Linear and nonlinear thermo-elastic
equation
e Uncoupled and coupled thermo-elastic
equations
e Steady-state and transient responses
e Loadings: Constant surface heating,
thermal shocks
o Effect of material property variation on
thermal stresses, etc.
3. Elastic-Plastic Analysis
e Plastic deformation in the metal rich
region
e Thermo-mechanical fatigue.
e Finite element studies.

2.1 Functionally Graded Material
Techniques

Processing

A. Mortensen and S. Suresh [1] presented in two sections
an overview of the processing techniques, the performance
and the thermo-mechanical analysis of functionally graded
materials. The first section concentrates on constructive &
transport-based production processes. Constructive
methods represent FGM gradients by selectively stacking of
two or more base materials and allowing programmed
composition gradient control since they mainly employ
powder consolidation processes such as solid state powder
metallurgy or reactive sintering and coating methods such as
plasma spraying and vapour deposition. Whereas in
transport-based processes, natural transport phenomena
such as the transport of heat, mass or fluid are used to
develop compositional and micro-structural gradients
during the production of FGM. A time scale analysis is
carried out for the corresponding transport phenomenon
and validation studies are carried out to test the role and
importance in both methods of FGM production.

A.Mortensen and S. Suresh [2] provides an overview of the
thermo-mechanical behaviour of FGM and its analysis. The

thermo-mechanical analysis of FGM begins with fundamental

© 2017,IRJET | ImpactFactor value: 6.171

ISO 9001:2008 Certified Journal | Page 1802



’// International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056

JET Volume: 04 Issue: 10 | Oct-2017

www.irjet.net

p-ISSN: 2395-0072

theories of thermo-elastic & thermo-plastic deformation in
metal-ceramic composites. The rules of the mixture
approach and the mean field theories, the crystal-plasticity
and the discrete displacement models as well as the
continuum finite element formulations of the constitutive
phases of composite materials are explained and their limits
and their significance discussed. The mathematical
modelling of the thermal, elastic and plastic deformation of
graded multi-layer structures is discussed in the context of
classical beam and plate theories. It is concluded that the
construction of step-wise or continuously stepped metal-
ceramic composites improves the interfacial bonding
between dissimilar solids, minimizes and optimizes thermal
stresses, expands plastic, and mitigates the destructive
effects of singular fields at free edges of multilayer where
interfaces occur and minimize cracks. Kieback et al. [9]
have described an overview of established powder
metallurgical processes and techniques with molten metals
and discussed the advances in the field of graded polymer
processing. A large number of processing techniques are
available today for virtually any combination of materials. It
is concluded that a suitable processing method depends not
only on the materials involved, but also on the type and
extent of the gradation index and the geometry of the
desired component. New challenges in FGM processing as
new fields of application are developed by FGM are
discussed. Victor Birman et al. [27] provides a detailed
overview of recent developments in the modelling,
characterization and analysis of the FGM mainly focusing on
published research since 2000. These area include
homogenization schemes of functionally graded material,
stress, stability and dynamic analysis, testing and heat
transfer problems, manufacturing and design, fracture
analysis, and more recent FGM application areas.
Mahamood et al. [65] reviewed a number of published
literature and concluded that FGMs are advanced materials
which are defined by varying the material properties in the
direction of thickness so that the overall properties are
unique and different from their starting materials. Due to the
wide range of potential and emerging applications of FGM in
aerospace, medical, energy and defense industries, thereis a
need to reduce the manufacturing costs of FGM. Thus in this
area the most promising FGM manufacturing process, i.e.
solid free-form SFF). The improvisation of SFF processes and
extensive studies on the material characterization of the
produced components lead to a reduction in the production
costs of FGM and to an increase in productivity

2.2 Thermomechanical Behaviour of Functionally
Graded Material

G.N. Praveen and ]. N. Reddy et al. [3] examined the static
and dynamic thermo-elastic response of functionally graded
ceramic metal plates using a plate finite element, which
takes into account the effect of transverse shear stresses,
rotational inertia and large rotations in von-Karman type.

For the grading of the material properties simple power law
distribution of the volume fraction of the metal —-ceramic
constituents is used. The deflection and loading of the FGM
plates is examined under thermal and mechanical stress. It is
concluded that generally the response of the plate
corresponding to the properties of the metal and the ceramic
is not necessarily between that of the ceramic and the metal.
In general, it is stated that gradation in material properties
play an essential role in determining the response of the
FGM plates. J. N. Reddy [5] presented analytical Navier’s
solutions for rectangular FGM plates, and third-order shear
deformation plate theory was used for developing finite
element models. The formulation assumes the parameters of
the thermo-mechanical coupling, the time dependency and
the geometric non-linearity of KArman. A simple Power-law
distribution with respect to the volume fractions of the
constituents is used to vary the material properties of the
FGM plate. It is found that fundamental response of FGM
plates is not necessarily between ceramic and metal
For all types of boundary conditions, it is concluded that
without thermal stress, the response of FGM plate is in
between the metal and ceramic plates, but this does not
apply when thermo-mechanical stresses are applied. The
gradation in the material properties plays an important role
in the determination of the response of FGM plates. L. F.
Qian and R. C. Batra [13] investigated transient thermo-
elastic deformations of simply supported or clamped thick
FGM plates with edges exposed to a uniform temperature.
The bottom surface of FGM plate is subjected to uniform
temperature or it is thermally insulated while upper surface
of plate is subjected to either temperature or heat flux.
Simultaneous application of transient thermal and thermo-
mechanical loads induce stresses and deformations of FGM
plate. Transient thermal and thermo-mechanical problem of
FGM plate is solved by higher-order shear and normal
deformable plate theory (HOSNDPT) and mesh-less local
Petrov-Galerkin (MLPG) method. In MLPG method does not
require nodal connectivity & background mesh but only
nodal coordinates are needed. Computer code of MLPG
method is compared and validated by three dimensional
thermo-elastic analytical solution of simply supported plate.
Boundary condition applied on edges of plate significantly
influence the centroidal deflection and the axial stress
which induced at the center of gravity of the top of the plate.
D.K. Jha et al. [06] presented a detailed study of prominent
research on the analysis of stress, vibration and
buckling/stability analysis of FG plate structures. Detailed
review of the published literature shows that 3D analytical
solutions for FGM plates are benchmark results to check the
accuracy of 2D plate theories and FEM formulations, but
their solution approaches are mathematically complex and
lengthy to solve. It is concluded that a large number of
published FGM research is purely analytical and numerical
calculation. Mohammad Talha and B.N. Singh [67] studied
the thermo-mechanical deformation of shear deformable
metal ceramic plates (FGM) subjected to various load and
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boundary conditions. The analysis is performed with higher
order shear deformation theory with reasonable
improvement in transverse displacement using FEM. The
temperature-dependent mechanical properties are assumed
and graded according to simple power law distribution of
volume constituents in the thickness direction. Fundamental
equations for FGM plate are derived using a variational
approach taking into account the traction-free boundary
condition at the top of plate and a C° continuous iso-
parametric Lagrange element with thirteen degree of
freedom per node is developed and used to calculate the
results. Convergence tests and validation studies were
performed to verify the accuracy of the present formulation.
Itis concluded that in all kinds of boundary conditions when
thermal effect is considered, the bending behaviour of the
functionally graded plate is not necessarily between that of
the metal and the ceramic plate.

2.3 Plate Deformation Theories

Ferreira et al. [14] uses mesh-less collocation method,
multi-quad radial basis functions & third order shear
deformation theory to analysis static deformations
of FGM square plates with varying aspect ratios. The mixture
rule and the Mori-Tanaka scheme have been used to
calculate material properties. The calculated results are in
good agreement with those calculated from the mesh-less
local Petrov-Galerkin (MLPG) from Qian, Batra and
Chen. Results of collocation and MLPG methods are in
asymmetric "stiffness" matrices. Computational time which
the collocation method has been significantly less than the
MLPG method because there is no numerical integration is
necessary in collocation scheme. For nearly equal Poisson’s
ratios of the two materials, homogenization techniques i.e.,
rule of mixtures and Mori-Tanaka have nearly the same
results, but for widely varying Poisson’s ratios the above
homogenization techniques give quite different results. A.M.
Zenkour [15] introduced the sinusoidal shear formation
plate theory to investigate the buckling and free vibration
behaviour of the simply supported FGM sandwich plate. The
sinusoidal theory comprises the same dependent unknowns
as the shear deformation theories of the first and third order
type, but transverse shear strain follows cosine-law
distribution through thickness direction of FGM plate. By
increasing ceramic componenti.e. volume fraction exponent
decreases in sandwich FGM plate vibration frequencies and
critical buckling loads increases. Shyang-Ho Chi et al. [20]
studied mechanical behaviour of simply supported FGM
rectangular elastic plate of average thickness subjected to
lateral loads. The volume fraction of the components defined
by P-FGM, S-FGM or E-FGM functions is used to vary the
modulus of elasticity by the thickness of the plate, but the
Poisson ratio of FGM plates is assumed to be constant.
Classical plate theory & Fourier series expansion are used to
derive series solution of Power law FGM (P-FGM), Sigmoid
FGM (S-FGM) & Exponential FGM (EFGM). It is concluded

that the formulations of FGM and homogeneous plate
solutions are the same but the flexural (bending) stiffness
differs. Shyang-Ho Chi and Yen-Ling Chung [21]
evaluated numerical solutions directly from theoretical
formulations or finite element solutions using the MARC
program. The mechanical behaviour of the FGM plate is
investigated considering the effects of the loading conditions,
changing Poisson ratio, aspect ratio of plate and also the
variable mechanical properties of FGM defined by the
Power-law, Sigmoid Law and exponential law. It is concluded
that the changing Poisson’s ratio does not affect the
mechanical behaviour of FGM plate, so it is assumed to be
constant. Variation of FGM properties in the
thickness direction or the ratio of Young's modulus for a
certain material distribution determines the position of the
neutral surface. Nguyen, Sab, Bonnet et al. [32] introduced
a first-order shear deformation plate theory model for
simply supported square FGM plates with improved shear
correction coefficient and shear stiffness. Energy
equivalence method is wused to study transverse
shear factors through this model. Equilibrium equations and
expressions of membrane stresses are used to calculate
transverse shear stresses. Transverse shear stress factor is
used to calculate numerical results of simply supported
square plate and a cylindrical bending clamped sandwich
plate. Numerical simulations showed that the shear
correction factor is not the same as that
calculated from homogeneous FSDT models, and is a
function of the relationship between the elastic modulus of
the material constituents and their distribution across
thickness of FGM plate.

2.4 Analytical solution of free vibration analysis of
FGM plates without thermal loadings

Z.-Q. Cheng and R. C. Batra [7] used Reddy’s third-order
shear deformation theory to study steady state free vibration
and buckling analysis of simply supported isotropic
polygonal FGM plate. The plate rests on the Winkler-
Pasternak elastic foundation and is subjected to
uniform in-plane hydrostatic loads. To calculate critical
buckling load & free vibration frequency of FGM plate is
similar to calculate the vibrational frequency of membrane
which is clamped at edges and whose shape matches that of
the plate. R.C. Batra and J. Jin et al. [16] investigated a
free vibration analysis of an anisotropic FGM rectangular
plate with the aim of maximizing one of the first five free
vibration frequencies by using first-order shear deformation
theory (FSDT) using the finite element method. In this study
an anisotropic FGM plate was considered in which the
orientation of the fibre varied smoothly along the thickness
of the plate. Free vibration studies are performed for the
following edge conditions (i) all edges simply supported (ii)
all edges clamped (iii) two opposite edges simply supported
& the other two free (iv)two opposite edges clamped & the
other two free. Woo et al. [19] investigated non-linear
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vibration characteristics of FGM plates. The equations ofthe
motions for the FGM plate are derived by the von Karman
theory for large transverse deflections and the solution is
derived in terms of mixed Fourier series. Effect of the
properties of the material, the boundary conditions and the
thermal load on the dynamic behaviour of the plates is
studied. It is found that the fundamental frequency of FGM
plates is mainly influenced by non-linear coupling effects.
Serge Abrate [22] studied the free vibrations, buckling and
static deflections of the FGM plates in which the properties
of the material vary through the thickness. After studying
available literature he concluded that the natural
frequencies, the critical temperature, in-plane buckling load
and deflections of the FGM plates were proportional to those
of equivalent homogeneous plates. Extensive studies were
performed for thin and thick plates with different aspect
ratios, as well as skew and circular plates and many
combinations of boundary conditions. These problems were
analyzed with classical plate theory, the first and third order
shear deformation theories. Roque et al. [25] investigated
free vibration response of FGM plates by multi-quadratic
radial basis function method with higher order shear
deformation theory. The mesh-less, multi-quadratic method
allows a fast and easy domain and boundary discretization.
Mori-Tanaka scheme is used to homogenize material
properties. Hiroyuki Matsunaga [31] studied buckling
stress and natural frequency of FGM plates by considering
effects of transverse shear, normal deformation and rotary
inertia. To vary material properties Simple Power-law
distribution in terms of the volume fractions of the
constituents is used. Power Series expansion method of
displacement components, and set of elementary dynamic
equations of two-dimensional (2D) type and higher order
shear deformation theory of FGM plates is derived by
Hamilton’s principle. Several sets of approximate truncated
theories are applied to solve the Eigen-value problems of
FGM plates with simply supported edges. Farzad Ebrahimi
et al. [35] analytically investigated the free vibrational
behavior of thin, circular FGM plates integrated with two
evenly distributed piezoelectric (PZT4) material actuator
layers using classical plate theory. The properties of the FG
substrate plate materials are graded in the thickness
direction according to the simple power law distribution in
terms of the volume fractions of the constituents while the
distribution of the electric potential field in the direction of
the thickness of the piezoelectric layers is simulated by a
quadratic function in short circuit form. Zhang et al. [43]
presented an analysis on the non-linear dynamics and the
chaos of the simply supported orthotropic FGM rectangular
plate in the thermal environment and was applied to
parametric and external excitation. Both temperature-
dependent ion and heat conduct material properties are
taken into account. Equations of motion of rectangular
orthotropic FGM plate are based on Reddy’s third-order
share deformation theory and Hamilton’s principle is used to
derive this. Galerkin method is applied to the regulating

partial differential equations of motion to obtain a non-linear
3-degree of freedom system. Hashemi et al. [44]
investigated the analytical vibrational behaviour of
piezoelectric coupled thick annular FGM plate based on
Reddy’s third-order shear deformation theory. They
considered various combinations of boundary conditions viz.
i.e. soft simply supported, hard simply supported and
clamped edges at the inner and outer edges of annular plate.
The properties of host are assumed to vary according to
simple force-law distribution of the volume fraction and
graded in thickness direction only. Distribution of electric
potential is assumed to vary according to sinusoidal function
along thickness direction so that it approximately satisfies
the Maxwell static electricity equation. Liu et al. [45]
investigated free vibration behaviour of FGM plate by
considering material in- homogeneity in plane of functionally
graded plate. Because of the symmetry of the plate around
its median plane, only bending (flexural) vibrations are
considered. For simply-supported plate whose edges are
parallel to the material gradient direction, a Levy-type
solution is derived by using Fourier series expansion and an
integration technique that converts the two-point boundary
problem into initial value problems. Hashemi et al. [48]
analytically solved free vibration problem of reasonably
thick quadrilateral FGM plates resting on Winkler or
Pasternak elastic foundations and applied to several possible
combinations of clamped and simply supported boundary
constraints. To determine fundamental frequency of
functionally grade plates resting on elastic foundations,
equations of motion are based on first-order shear
deformation theory (FSDT) and shear correction factor used
in Mindlin plate theory. Effect of foundation stiffness
parameter, different boundary conditions, plate aspect ratio,
material gradient index and thickness-to-length ratio is
studied on free vibration of FGM plates. Mohammad Talha
and B.N. Singh [49] investigated free vibration & static
response of FGM plates with higher-order shear deformation
theory considering a specific modification of the transverse
displacement in combination with finite element methods.
The equations of motion of the FGM plates are derived using
a variational approach taken into account traction free
boundary conditions on the upper and lower surfaces of the
plate. Computational results were attained by means of a
continuous iso-parametric Lagrangian finite element with 13
degrees of freedom per node. It is concluded that effect of
thickness ratio of plate is independent of the volume fraction
index. Gradient in the material properties determines the
response of FGM plates. Xiang et al. [50] suggested n-order
shear deformation plate theory to study free vibration
response of functionally graded composite sandwich plates.
Displacement field is represented by n-order polynomial
term. Zero transverse shear stress condition are satisfied on
the top and bottom of plate. Reddy's third order theory can
be regarded as a special case of the current n-order theory.
Natural frequencies of the FGM and composite plates with
different side- to-thickness ratios, material properties are
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calculated by n-order theory with different material
gradation index values. Benachour et al. [51] uses four
variable refined plate theory for the free vibration analysis of
FGM plates with random material gradation. This theory
considers transverse shear effects and the parabolic
distribution of transverse shear strains through thickness of
the plate, so shear correction factors are not required. In this
refined plate theory number of unknown functions are four
while in shear deformation theory there are 5 unknown
functions. Equations of motion are derived according to
Hamilton's principle. Navier method is used to obtain closed
form solutions, and fundamental frequencies are then
calculated by solving the results of Eigen-value problems.
Kumar and Reddy [53] provided an analytical solution to
investigate free vibration of functionally graded plates
without imposing zero transverse (cross shear) stress
conditions on upper and lower surfaces of plate with the
higher order displacement model. Virtual work principle is
used to derive motion equations for the higher-order
displacement model. Energy principle is used to derive
equations of motion of FGM plate and Navier’s solutions. It is
found that the natural frequencies of the FGM plate with
different material gradient index lie between those of the
natural frequencies of metal and ceramics. Y.X. Hao et al.
[55] investigated nonlinear transverse vibration response of
cantilever type FGM rectangular plates which were
subjected to combined transverse and thermal loadings. The
non-linear motion equations for the FGM plate are derived
from Reddy's third order shear deformation plate theory and
the Hamiltonian principle. The Galerkin method converts the
governing partial differential equations into a nonlinear
system with two degrees of freedom containing square
(quadratic) and cubic nonlinear terms under combined
external excitations. Resonance case with 1: 1 internal
resonance and sub-harmonic resonance of order % are
considered for present problem and asymptotic perturbation
method develops four nonlinear average equations, which
are then solved by the Runge-Kutta method to find out non-
linear dynamic response of FGM plate. The chaotic, periodic
and quasi-periodic movements of the plate are present
under certain conditions, and the forced excitations can alter
the shape of the movements of the functionally graded
rectangular plate. D.K. Jha et al. [66] presented a higher
order shear and normal deformation theory (HOSNT) to
investigate free vibration behaviour of functionally graded
elastic, rectangular plates with simply supported edges.
Governing equations of motion are derived by Hamilton's
principle using HOSNT. Navier’s solution method using
double Fourier series is used to compute the result with
required accuracy. The results concluded that as the material
gradient index increases, the natural frequency decreases
significantly. Huu-Tai Thai et al. [88] presented a new
simple first order shear deformation theory to investigate
bending and free vibration response of FGM plates. The
present FSDT model contains only four unknown variables
and resembles the classical theory of plates in many aspects

regarding equation of motions, boundary conditions and
stress-resultant expressions. Comparative and validation
studies show that the present theory can achieve the same
accuracy of the conventional FSDT that has more unknown
variables.

2.5 Thermal vibration analysis

T.Y. Ng et al. [6] presented a parametric response of FGM
rectangular plates under harmonic in-plane loading. Effect of
volume fractions and configuration of constituent materials
in the parametric regions of instability to determine the
position and size of these regions. Hamilton’s principle is
applied and problem is formulated by assumed mode
method. Instability region is determined by Bolotin’s
method. J. Yang, H.S. Shen et al. [8] investigated free and
forced vibration response of initially stressed functionally
graded plates in thermal environment. Material properties
are assumed to be temperature dependent and gradation of
material properties are considered in thickness direction.
Kinematic formulation of FGM plate is based on Reddy’s high
order shear deformation theory and due to uniform
temperature thermal effects are taken into consideration.
The plate is clamped at two opposite edges, while the
remaining two other edges are either free, simply supported
or clamped. Galerkin method and one-dimensional
differential quadrature technique, and modal superposition
method are used to determine the transient response of the
plate which is subjected to lateral dynamicloads.]. N. Reddy
et al. [11] investigated the harmonic vibration analysis of
functionally graded plates by means of a three-dimensional
asymptotic theory formulated in terms of transfer matrix.
Instead of using multiple time scales expansions, asymptotic
formulation is developed in a much simpler way by
expanding the frequency parameter. Forillustration purpose
transfer matrix theory is applied to simply supported FGM
plates. Due to refinement, asymptotic approach formulated
in terms of transfer matrix can be validated using the
solvability condition for higher order solutions. Senthil S.
Vel and R.C. Batra [12] presented an exact three-
dimensional solution to investigate response of free and
forced vibration of simply supported FGM plates. The
effective material properties at a point in FGM plate are
approximated either by the Mori-Tanaka or the self-
consistent schemes. Suitable displacement functions, which
satisfy the boundary condition on singly supported edges
identically, are used to reduce the partial differential
equations to a set of coupled ordinary differential equations.
Displacement functions and effective material properties are
expanded as Taylor series in thickness coordinates of plate.
Power series method is used to solve ordinary differential
equations. Young-Wann Kim [17] investigate the thermal
vibration response of initially stressed metal-ceramic FGM
plates. The temperature field is assumed to be constant in
the plane of the plate and varies in the thickness direction.
Two types of thermal boundary conditions are taken into
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consideration. In first boundary condition a particular value
of temperature is applied on upper surface of plate & some
different (or same) value of temperature is applied on lower
surface of plate. Second boundary condition is that the heat
flows from the upper surface to lower surface which is held
at prescribed temperature. Mathematical model is
formulated using third-order shear deformation theory
which considers rotary inertia & transverse shear strain.
Frequency equation is obtained by Rayleigh-Ritz method.
Sundararajan et al. [18] developed nonlinear formulation
based on first-order shear deformation theory which
contains von Karman’s type geometric nonlinearity.
Temperature field is uniformly distributed over the plate
surface and varied in thickness direction. Effective material
properties are estimated according to law of volume fraction
of constituents and Mori-Tanaka homogenization method.
Nonlinear governing equations are obtained with Lagrange’s
equations of motion and finite element method coupled with
the direct iteration technique are used to solve this.
Temperature field and material gradient index have
significant effect on nonlinear vibration of FGM plate.
E.Efraim and M.Eisenberger [26] presented exact natural
vibration frequencies and modes of the variable thick
isotropic annular FGM plate. Coupled set of differential
equations with variable coefficients are the governing
equations of motion and their exact solution is obtained by

exact element method & dynamic stiffness method. Q. Li et
al. [28] used three- dimensional linear theory of elasticity to
investigate free vibration behaviour of rectangular sandwich
FGM plate with simply supported edges. In this study two
types of sandwich FGM plates are considered firstly,
sandwich plate having FGM face-sheet and homogenous core
whereas second plate is sandwich with homogenous sheet
and FGM core. Three components of plate displacement
expand by triplicate summations of series of Chebyshev
polynomials that are multiplied by suitable functions to
accomplish the fundamental boundary condition and these
are best approximation of variation of displacements in the
thickness direction. Ritz method is used to calculate natural
frequencies. Bahar Uymaz and Metin Aydogdu [29]
presented three-dimensional vibration analysis for
rectangular FGM plate with different boundary conditions,
based on small strain linear elasticity theory. The Rayleigh
Ritz method with Chebyshev polynomial displacement
functions is used to solve the vibration problem of the FGM
plate. Effects of plate aspect and thickness ratios & gradient
index on the free vibration frequencies are investigated.
Fazelzadeh [30] investigated the vibration analysis of the
rotating thin walled blade of functionally graded material
exposed to high-temperature supersonic flow, using the
differential quadrature method (DQ). Governing equation of
motion are based on first-order shear deformation theory of
beams which accounts the effect of rotary inertia and blade
presetting angle & high temperature supersonic gas flow
loading. Quasi-steady aerodynamic pressure loading and
steady wall temperature are assumed. Convergence of above

method is examined and compared with Galerkin method.
Effect of Mach number, rotating speed, geometric parameter
& blade material properties on the natural frequency are
investigated. Allahverdizadeh [33] developed a semi-
analytical approach for axisymmetric nonlinear free & forced
vibration of a thin circular FGM plate. For harmonic analysis,
solution of governing equations are obtained by assumed-
time method and Kantorovich time averaging technique.
Influence of vibration amplitude, variation of Poisson’s ratio
and material gradation index have been investigated. It is
concluded that free vibration frequencies depend upon
amplitude of vibration. Variation of material gradient index
affects FGM properties and their dynamic behaviour and
magnitude of stress. Q. Li et al [36] studied free vibration of
simply supported and clamped edges rectangular FGM plate
in thermal environment using three-dimensional linear
theory of elasticity means small strain elasticity theory.
These FGM plates are subjected to uniform temperature rise;
linear temperature rise and nonlinear temperature increase.
Natural frequencies are calculated by Rayleigh Ritz method.
It is concluded that uniform temperature rise increases
vibrational frequency more than the linear and nonlinear
temperature changes. Temperature change affects first mode
considerably than the other higher modes. Shi-rong LI et al.
[39] studied the response of post-buckling and small
amplitude free vibration in the vicinity of the post-buckling
configurations of surface-bonded piezoelectric laminated
FGM beams under the uniform electric field and nonlinear
temperature rise is investigated by the use of shooting
method. Considering axial tension base Euler-Bernoulli
beam theory, geometrically nonlinear dynamic governing
equations for FGM beams with surface-bonded piezoelectric
layers subjected to thermo-electro loadings are derived.
Material properties of the middle FGM layer vary according
to power law function of the thickness co-ordinate, whereas
piezoelectriclayers are assumed homogenous and isotropic.
The amplitude of beam vibration is considered small and its
response is harmonic. Graphs of thermo-electric post-
buckling equilibrium paths and its characteristic curves of
the first three natural frequencies versus the temperature,
the electricity, and the material gradient index are plotted.
The results showed that the tensile force generated in the
piezoelectric layers due to voltage is capable of increasing
the critical buckling temperature and the natural frequency.
P. Malekzadeh [41] presented a semi analytical solution
procedure based on the three-dimensional theory of
elasticity for free vibration analysis of thick FGM plates
resting on two-parameter elastic foundation. Plates with
opposite edges simply supported and arbitrary boundary
conditions at other edges are considered for analysis. This
semi analytical approach consists of differential quadrature
method (DQM) and series solution of governing equations is
derived. This method can be applied to study free vibration
analysis of plates with arbitrary thickness because no
assumption on stresses and displacement have been applied.
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Xian-Kun Xia et al. [42] investigated non-linear vibrations
and dynamic responses of shear deformable FGM plates with
surface-bonded piezoelectric fiber-reinforced composite
actuators (PFRC) in a thermal environment. Temperature
field is assumed to be uniformly distributed over plate
surface and varied in thickness direction of the plate. The
electric field is assumed to be a transversal component of
only. Temperature dependent material properties of both
functionally graded material and surface-bonded
piezoelectric fibre reinforced composite actuators (PFRC)
are considered. Problem formulation is based on higher
order shear deformation plate theory and thermo-
piezoelectric effects are considered by von Karman-type
equation. It is concluded that the effect of control voltage on
natural frequency of the functionally graded material plate
with PFRC actuators is greater than that of the plate with
monolithic piezoelectric actuators. It is confirmed that the
temperature field and the volume fracture distribution have
a significant effect on the dynamic response of hybrid FGM
plates. Mahi et al. [46] presented analytical solution to
study free vibration of symmetric FGM beam subjected to
initial thermal stress by a temperature rise through the
thickness. Theoretical formulations are based on classical
beam theory, first & higher order shear deformation
theories. Temperature dependent material properties are
assumed to vary continuously through the thickness
according to P-FGM, S-FGM or E-FGM distribution
laws. Equations of motion were derived by Hamilton’s
principle and frequency equations were derived by solving
analytically the governing differential equations for different
boundary conditions. Ebrahimi et al. [47] investigated
behaviour of piezoelectric bounded circular FG plate
subjected to temperature change and control voltage
excitations using classical plate theory. Thermal gradient,
piezothermo-elasticity and von Karman type geometric
nonlinearity effects are considered in this study. Nonlinear
coupled open-loop equations in radial & transverse
oscillations were simplified to axisymmetric oscillation
problem. An exact series type solution is used to derive
piezothermoelastic  solutions for nonlinear static
deformations & natural frequencies of the functionally
graded circular plate. Itis concluded that a high temperature
causes a higher deflection of the plate, & the deflection at
each temperature is induced by increasing the control
voltage, but this effect is predominant at higher voltages. By
increasing material gradient index in FGM, the normalized
center deflection in a nonlinear profiler will increase for
different temperature fields. Fakhari et al. [54] developed
finite element formulation based on higher order shear
deformation theory including Kdirmdn type geometric non-
linearity to study nonlinear free vibration frequency, time &
frequency responses of FGM plate with surface-bound
piezoelectric layers subjected to thermal, electrical and
mechanical loads. The temperature field is assumed to be
uniform distribution over plate surface and varies in
thickness direction and considered electric field only has

non-zero valued component. Suresh Kumar et al. [56]
presented nonlinear thermal analysis of FGM plates with
considering effect of material gradation index,
boundary condition, aspect ratios & side to thickness ratio

using higher order shear deformation theory. Higher order
equations of motions are derived using principal of virtual
work. Nonlinear simultaneous equations are derived by
Navier’s method considering various parameters, loads and
boundary condition. Nonlinear algebraic equations are
solved by Newton Raphson iterative method. Alijani et al.
[57] investigated geometric nonlinear vibration analysis of
FGM rectangular plates in thermal environment using multi-
modal approach. First-order shear deformation theory and
von Karman theory are used to model simply supported FGM
plates with moving edges. Effective material property & the
temperature field are assumed to vary nonlinearly in
thickness direction. By Lagrange equations of motion, energy
equation has been reduced to a system of infinite nonlinear
ordinary differential equations with quadratic & cubic
nonlinearities. Pseudo-arc length continuation & collocation
scheme is used and it is concluded that in order to predict
the accurate natural frequency in thermal environments,
analysis should be performed on nonlinear model because
the plate loses its original straight configuration due to
thermal loadings. The effect of temperature variations as
well as the material gradient exponents is investigated in
detail and it is concluded that thermally deformed FGM
plates have a higher hardening behaviour, on the other hand
the effect of the material gradient exponent is not significant.
But in thermally deformed plates modal interactions may
rise, which cannot be observed in their un-deformed isotopic
counterparts. Maziar Janghorban et al. [58] investigated
the free vibration analysis of functionally graded non-
uniform straight side plates with circular and non-circular
cutouts subjected to thermal boundary conditions.
Parametric studies have been performed to investigate the
various effects viz. size of cut-out, length-to-thickness ratio &
nature of loading and boundary conditions of plate on
natural frequencies. Shahrjerdi et al. [59] investigated
temperature-dependent free vibration characteristics of
solar-functionally graded plates which were subjected to
uniform, linear, heat-flow, and sinusoidal temperature fields
using the Navier's method for simply supported solar-
functionally graded plates. Governing equations of motion
are based on second order shear deformation theory which
considers effect of transverse shear stress through the
thickness of plate. In this study two different types of solar

FGM plates made of ZrO,/Ti-6Al-4V & Si3N4/SUS 304

are considered. It is concluded that the free vibration
frequency for pure ceramic is maximum, minimum for pure
metal, and gradually decreases as the volume fraction index
increases. The frequency decreases as the temperature
increases in all types of temperature fields. The uniform and
heat flux temperature fields influence the frequency strongly
than the linear, nonlinear and sinusoidal temperature fields.
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Hui-Shen Shen et al. [62] investigated large and small
amplitude vibration analysis of the FGM plate in the thermal
environment resting on a two-ply (Winkler-Pasternak)
elastic foundation. Voigt (V) and Mori-Tanaka (M-T)
micromechanical models are considered in this analysis.
Higher order shear deformation plate theory considering the
effects of plate foundation interaction are used as
governing equations of motions. Material properties
dependent on temperature are considered. In-plane type two
boundary conditions are considered: (i) initial stresses
caused due to thermal loads and (ii) the in-plane edge loads
are considered. Comparative studies concluded that the
difference between Voigt (V) model and Mori-Tanaka (M-T)
models is significantly lower than the difference caused by
different solution methods and plate theories. Rahimabadi
et al. [71] numerically examined the effect of centrally
located cut-out of various geometries like circular, elliptical
and crack resulting from the cut-out and their free and
flexural vibration characteristics of the FGM plate in thermal
environment. First-order shear deformation theory of plates
is used for problem formulation and developed shear flexible
4-noded quadrilateral element for spatial discretization. The
discontinuity of the surface is represented independently of
the mesh by utilizing the detachment of the unity method
framework. Influence of various parameters viz. plate aspect
ratio a/b. cut-out geometry d/e, cut-out radius r/a, crack-
length I/a, thickness of plate h and material gradient
exponent n is investigated for FGM plates subjected to
thermal boundary conditions. Fiorenzo A. Fazzolari et al.
[74] developed a fully coupled thermo-elastic formulation to
study the free vibration response of anisotropic composite
plates and isotropic / sandwich FGM plates. This formulation
was developed within Carrera's unified formulation by
combining the hierarchical plate models with trigonometric
Ritz method. Temperature profile over the plate thicknessis
modelled with a layer-wise kinematics description, however,
both equivalent single layer and layered approaches for the
displacement variables are used correctly and effectively. It
is concluded that thermo-elastic mode shapes give the shape
of the structure’s temperature distribution associated with
corresponding natural frequencies, regarding the fact that
compressed/expanded locations result hotter/colder with
respect to the reference temperature. In practice, the
temperature change during the vibration is almost
negligible, in all anisotropic composite laminates. Gulshan
Taj and Anupam Chakrabarti [77] investigated free
vibration analysis of FGM skew plates subjected to thermal
environment. Reddy’s higher order shear deformation
theory is used to derive kinematic equations of skew FGM
plate. For meshing of plate geometry nine noded iso-
parametric Lagrangian element is used. Displacements
Components of a rectangular plate are mapped into the skew
plate geometry using a suitable transformation rule. One
dimensional Fourier heat conduction equation is used to
determine the temperature profile of the plate along
thickness direction. Effect of various parameters viz.

material gradient index, plate aspect ratio, thickness ratio,
boundary condition temperature field on variation of
frequency parameter of FGM skew plates by solving various
numerical problems and their related findings were
discussed. M. Huang and T. Sakiyama[85] used an
approximate method to investigate free vibration
characteristic of rectangular plates with differently shaped &
arbitrarily arranged holes using the green function of the
equivalent rectangular plate of non-uniform thickness.
Shapes of the holes on rectangular plate are semi-circular,
elliptic, square, rectangular, triangular, & rhombic, etc.
Rectangular plates with a hole are considered as a
rectangular plate of non-uniform thickness. Hole in the plate
is assumed to be a very thin part of the plate so that the free
vibration of a plate with a central hole can be translated into
the free vibration problem of the equivalent rectangular
plate of uneven thickness.

2.6 Finite Element Modelling of Modal analysis of
FGM plates

Chakraborty et al. [10] studied static, free vibration and
wave propagation problems in bi-material beams fused with
functionally graded material layer using new beam finite
element method. Formulation of beam element is based on
first-order shear deformation theory and it takes into
consideration of varying mechanical properties i.e. thermal
and elastic. Exact solution of static part of the governing
differential equations develops interpolating polynomials for
element formulation. For static analysis due to FGM layers
variation of stress is smooth. FGM layers in structure causes
coupled stiffness and inertial parameters which changes
response of base material beams. Limiting frequency of
beam having FGM layer lies between parent material beams.
Shear speed of mono-material beam is lower than FGM
applied beam because FGM applied beam have high coupling
inertial terms. T. Prakash and M. Ganapathi [24]
investigated asymmetric thermal buckling and free vibration
characteristics of functionally graded circular plate using
finite element method. For gradation of material properties
in thickness direction simple power law distribution is used.
Based on the principle of field consistency, a flexible three-
node shear plate element is used. For numerical calculations
it is assumed that the temperature field is uniformly
distributed over the plate surface and is only varied in the
thickness direction. Effect of material gradient index,
temperature field, radius-to-thickness ratio, boundary
condition and circumferential wave number is studied on
variation of critical buckling load. Non-dimensional
frequency and critical buckling temperature decreases by
increasing volume fraction index. Zhao et al. [38]
investigated free vibration characteristic of the metal
ceramic functionally graded material plate with element-free
kernel particle Ritz method (kp-Ritz method). First-order
shear deformation theory is used which considers effect of

rotary-inertia & transverse shear. Two-dimensional
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displacement field is approximated by Kernel particle
estimation. In this study skew FGM plates made of

Al/Al,O,, Al- Zr0,, Ti-6Al-4V /Aluminium oxide, and

SUS304/ Si3N4 are selected. Eigen-equation is derived by
application of energy function of the system using Ritz
method. Effects of various parameters i.e. volume fraction
index, length-to-thickness ratio & boundary conditions on
vibrational frequency are studied. It is concluded that a
volume fraction exponent ranging from 0 to 5 has a
significant influence on the frequency but the effects of the
length-to-thickness ratio on the frequency of a plate are not
affected by the volume fraction. Prakash et al. [61]
investigated the flutter characteristics of a functionally
graded plate under high supersonic airflow using a high
precision shear flexible finite element method taking in to
account both geometric and aerodynamic nonlinearities.
First-order shear deformation theory is used to model
functionally graded material plate taking into account the
exact position of the neutral surface and the von
Karman theory oflarge displacement. Aerodynamic pressure
is calculated by third-order piston theory. Nonlinear Eigen-
value equation is derived using harmonic balanced method
which calculates aerodynamic pressure. Time history
analysis is done to validate nonlinear Eigen-value equation
and to determine the periodic, harmonic, and quasi-periodic
characteristic of the flexural vibration under aerodynamic
loading load by using plots of transverse displacement,
phase portrait, bifurcation diagram & Poincare map. It is
apparent that by increasing Mach number & aerodynamic
load, the bending (flexural) vibration becomes chaoticand is
more resistant to chaotic phenomenon in graded FGM plate
having ceramic constituent. Sanjay Anandrao et al. [63]
presented the significance of transverse shear on
fundamental frequencies and mode shapes of FGM beams
subjected to various boundary conditions and length-to-
thickness ratios. Two separate finite element formulations,
one is Timoshenko beam formulation which considers effect
of transverse shear and other is Euler-Bernoulli beam
formulation which neglects effect of transverse shear. It is
noticed that consideration of transverse shear in the
formulation of FGM beam increases flexibility of short beams
and reduces frequencies. Effect of transverse shear is more
dominant for clamped beams as compared with other

boundary conditions. Koteswara Rao D et al. [64]
developed finite element model of functionally graded
composite shell structure using 8 noded layered shell
element (SHELL99). Response and characteristic of
functionally graded spherical shells were studied and
compared with response of homogenous shell structures
under static uniform distributed load and thermo-
mechanical loading. Structural response of functionally
graded shells is found between the responses of the
homogeneous shells made of ceramic and metal. Free
vibration analysis of thick and thin functionally graded shell
structures for only first and second mode shapes.

K. Swaminathan et al. [68] presented finite element
formulation based on first order shear deformation theory to
determine natural frequency of simply supported FGM
plates. Results of Exact 3-Dimensional elasticity solution are
compared with computational analysis. Results are
presented for FGM plates with varying side-to-thickness
ratio, plate aspect ratio & material gradation index. Shuohui
Yin et al. [69] developed non-uniform rational B-spline
(NURBS) based iso-geometric analysis with classical plate
theory to investigate free vibration analysis of thin non-
homogenous functionally graded material plates and shells.
For thin non-homogenous FGM plates, mid-plane
displacements are neglected in classical plate theory that's
why classical plate theory is not accurate to analyze non-
homogenous thin FGM plate with moderate material
gradient indexes. Mid-plane displacements effects are not
minimized without introducing new unknown variable the
physical neutral surface is introduced into CPT which is
known as CPT_neu. The NURBS basis function is used to
implement geometric description and deflection field
approximation. Z.X. Lei, K.M. Liew et al. [70] investigate
free vibration analysis of functionally graded nano-
composite plates reinforced by single walled carbon nano-
tubes (SWCNTs) using element-free kp-Ritz method.
Effective material properties of CNTRCs are approximated
by extended rule of mixture or Eshelby-Mori-Tanaka
scheme. First-order shear deformation plate theory with
considering transverse shear & rotary inertia effect and a
kernel particle estimate is used to approximate the two-
dimensional displacement field. Various examples are solved
in computational simulation to study the effects of carbon
nano-tube volume fraction, plate-aspect ratio and width-to-
thickness ratio with temperature change on natural
vibration frequencies and mode shapes of various FG-CNTRC
plates. Alshorbagy et al. [72] studied finite element analysis
of thermo-mechanical behaviour of functionally graded
material plates using first-order shear deformation theory. A
series of simulations are performed to investigate
characteristic of FGM plates which are exposed to thermo-
mechanical loads and to determine the effect of heat source
intensity. The results of the numerical simulation concluded
that there is a difference in the plate deflection when one
considers the effect of shifting of the neutral plane
position. But neutral plane of the FGM plate is shifted toward
the surface with higher Young's modulus. But the position of
the neutral plane depends mainly on the ratio of the modulus
of elasticity of the two plate constituents. The main
advantage of the FGM plate versus the conventional laminate
plate is that the variation in stresses and strains without any
kind of singularities is smooth in the functionally graded
plate due to the continuity of the material properties
distribution along the thickness of the plates. Natarajan and
Ferreira [73] studied mechanical & thermal buckling and
free vibration behaviour of FGM plates using cell-based

smoothed finite element method with discrete
shear gap technique. Plate kinematics are based on first-
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order shear deformation theory and discrete gap method is
used to prevent shear locking. The shear correction factor is
evaluated by the use of energy equivalence principle. Mori-
Tanaka homogenization method is used to approximate
effective material properties of FGM plate. Effective material
properties are calculated by Mori-Tanaka homogenization
method. Parametric studies are carried out to investigate the
effect of material gradient index, plate-side to thickness
ratio, plate skewness and boundary conditions on the global
response of FGM plates. It is concluded that this improved
finite element method is insensitive to the shear locking and
gives excellent computational results for static deflection,
free vibration and buckling behaviour characteristics of FGM
plates. Ramul etal. [75] performed modal analysis of FGM
plates to determine their natural frequency and mode shape
by finite element method with different boundary conditions
and different power-law material gradient index values. For
the modal analysis of the FGM plate the FEM program was
encoded in the MATLAB software. Effects of the material
scaling index 'n' and the four different boundary conditions
on the natural frequencies are investigated. Plates having
CCCC edges have highest value of natural frequency than
corresponding frequencies evaluated for SCSC, SSSS and
SFSF boundary conditions. It is noticed that effect of power
law index is more prominent within the range up to 4, after
which the effect is not so important. Ali Yeilaghi Tamijani
et al. [76] developed element free Galerkin method (EFG)
based on first-order shear deformation theory to investigate
free vibration analysis of FGM plate with curvilinear
stiffeners. In plane deformation, plate rotations and
transverse deflections of a plate are expressed by moving
least square approximation (MLS) and the boundary
conditions are imposed by the penalty method. The MLPG
formulation can model stiffeners with any orientation,
curvature, and eccentricity. The effect of the material
composition, the stiffener’s number and its size on the
natural frequency is investigated. It is noted that the effect of
the volume fraction exponent on the frequency parameter
for a non-stiffened plate is greater than the stiffened plate. It
is noted that natural frequencies for FGM plates with
curvilinear stiffeners are greater than those made from a
pure metal plate with curvilinear stiffeners but lower than
those from a pure ceramic plate with curvilinear stiffeners. It
is shown for plates with 1, 2, 3 and 4 curvilinear stiffeners
that the gradients in the material properties significantly
influence the natural frequencies while the volume fraction
exponent is between 0 and 2. Kulkarni, Trivedi & Ishi [78]
Studied behaviour of skew functionally graded material
plates subjected to various boundary conditions by applying
modified, improved discrete Kirchhoff quadrilateral (MIKD)
elements. This element has seven degrees of freedom
comprising three displacements, two revolutions, and two
shear stresses per node. Isotropic plate is assumed and
gradation of material properties occurs in thickness
direction according to simple power law distribution.
Results of central deflection and stresses are compared and

validated to three-dimensional finite element results of
ABAQUS. Performance of MIDKQ element is satisfactory and
itsresults are validated by 3D FE results of ABAQUS 20 node
solid element. Pradhan et al. [86] studied vibration
characteristic of stepped functionally graded cylindrical shell
made of stainless steel and zirconium oxide. An influence of
boundary conditions & volume fractions (Power Law Index)
on the natural frequencies of the FG cylindrical shell is
investigated. Rayleigh method and Love's shell theory is
used to calculate natural frequency. The vibration
characteristics of functionally graded cylindrical shells are
similar to those made of isotropic materials. Material
gradation index is responsible for variation of natural
frequency. Extensional and flexural stiffness decreases as the
power law exponent increases where - as the stiffness of the
coupling first increases and then decreases by the
increasing value of N. It is concluded that the natural
frequency of the functionally graduated shell decreases
rapidly by increasing length to radius ratio. Natarajan et al.
[87] derived natural frequencies of cracked functionally
graded plate with enhanced finite element method. Equation
of motion was derived by first-order shear deformation
theory and a 4-noded quadrilateral plate bending element
used for above analysis which is based on field & edge
consistency requirement having 20 degrees of freedom per
element. In thickness direction of plate temperature
dependent material properties are assumed. Numerical
computation have been conducted to investigate the effect of
gradient index, effect of multiple cracks and their relative
orientation, crack length, crack location, plate boundary
condition, plate aspect ratio & plate thickness on the free
vibration frequency of the FGM plate. It is concluded that an
increase in crack length decreases the natural frequency,
because the stiffness of the material is reduced and the
frequency is found at a minimum value when the crack is
located at the middle of the plate. Natural frequency of FGM
plate decreases by increase in material gradient index n,
which increases metallic content of FGM. Natural frequency
of cracked FGM plate increases by lowering of plate
thickness (a/h) ratio and rising plate aspect ratio (b/a).

2.7 Natural Frequency Assessment formula For
FGM Plates

Ferreira et al. [23] approximate probable solution of
natural frequency of FGM plates using multi-quadratic radial
basis function. Collocation method using first & third order
shear deformation theories, the Mori-Tanaka
homogenization scheme are used in this study. The
present method is efficient because it does not require either
the nodal connectivity or the evaluation of an integral overa
sub-domain of the mid-surface plate. Accuracy of calculated
frequencies is determined by number of collocation points or
nodes, their locations and a parameter, ¢ in multi-quadric

basis functions. Chan Il Park [34] derived in-plane vibration
frequency equation for clamped circular plate of uniform
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thickness with isotropic material in elastic limit. The
frequency equation of the clamped circular plate in
cylindrical coordinate, kinetic and potential energy for the
in-plane behaviour was obtained by stress- strain
displacement terms & application of the Hamilton principle
.Helmholtz decomposition principle was used to decouple
coupled differential equations of the motions. The harmonic
solution for uncoupled equations led to generation of wave
equations and the general solution was obtained
by separating the variables. For in-plane displacements in r
& y directions solution is calculated. The derived frequency
equation is in good justification with the finite element
analysis and the comparison of the results published so far.
Shahrjerdi [37] applied Second order shear deformation
theory (SSDT) to study natural frequency of rectangular FGM
plates. FGM phase is composed of aluminum as metal phase
while Zirconia as ceramic phase. Hamilton principle is used
to derive equation motion and these equations are solved by
Navier's method. Natural frequency increases with
increasing side-to- side ratio and gradation of material
properties significantly vary the frequency of rectangular
plate. Bashmal [40] studied in-plane vibration characteristic
of annular circular disc which were subjected to various
types of boundary conditions at the inner and outer edge.
Two-dimensional linear theory of elasticity is used to study
for in-plane free vibration response of elastic and isotropic
disc. The analytical solution of the equilibrium of the annular
disc is derived in the form of Bessel functions. Presented
frequency equations provide the frequency parameters for
the appropriate number of modes for a wide range of radius
and Poisson ratios of annular discs subjected to clamped,
free, or flexible boundary conditions. Elia Efraim [52]
investigated natural frequencies of FGM annular plates for
different modes of vibration. Studies on the natural
frequency calculation of the FGM isotropic annular plates
concluded that the coupling effect induced in the vibration
modes due to the variation in the density and elasticity of the
FGM plates in the shear plane, mainly due to the mixed mode
of bending and stretching as in isotropic annular plates.
Based on the investigation of the frequency variation due to
the volumetric fraction, the present method derives an
empirical formula which gives a correlation between the
frequencies of the FGM plate and the isotropic plates made of
different containing materials. Above empirical formula
gives accurate results for various modes of vibration for
different volume fraction index and Poisson's ratio of
containing materials with minimum computational effort.

3. Effective material properties
(homogenization) of Functionally Graded
Materials

The functionally graded material (FGM) can be composed by
continuously changing the constituents of multi-phase
materials in a predetermined manner. FGM are the non-

uniform microstructures having continuously graded macro-
properties. Functionally graded materials are defined by the
variation in the volume fractions. Effective material
properties, viz. Elastic constant, shear modulus, density etc.
of the graded composite are being calculated by the
volume fraction distribution & the approximate shape of the
dispersed phase. Various micromechanics models have been
developed to assume the effective properties of
macroscopically homogenous composite materials.
Analytical approaches both micromechanical models &
Finite element methods are used for modelling of FGM.
There are various analytical approaches which are used for
FGM modelling are viz. Self -consistent estimates, Mori-
Tanaka scheme, Composite sphere assemblage model,
Composite cylindrical assemblage model, The simplified
strength of materials method, The method of cells &
Micromechanical models [60].

4. Mathematical Idealization of Functionally
Graded Materials

FGMs are extremely heterogeneous, so it is important to
idealize them as continua with their mechanical properties
changing gradually with respect to the spatial co-ordinates.
In FGM material properties are likely to follow a gradation
through the thickness in a continuous profile.

Most of the investigations related to functionally graded
material, use the power-law function, sigmoid function or
exponential function to define the volume fractions
functions. So FGM plates with power-law, exponential, or
sigmoid function will be considered in this study. Consider a
rectangular plate as shown in Fig 3 x & y are the coordinates
of the plane of the plate, whereas the z -axis originated at the
middle surface of the plate is in the direction of thickness.
The material on the top (upper) surface of the plate is
ceramic rich whereas the bottom (lower) surface material is
metal rich. Effective material properties, such as Young’s
modulus & the Poisson’s ratio, on the top and bottom
surfaces are different but are selected according to the
performance criteria. However, the Young’'s modulus &
Poisson’s ratio of the plates vary continuously only in the
thickness direction (z-axis) ie, E=E(Z), and v =v(2)
The "z" is varying from “h/2” at top surface, “0” at the middle
of the thickness, to “~h/2” at bottom surface. That’s why it is
called functionally graded material (FGM) plate. Delale &
Erdogan (1983) indicated that the Poisson’s ratio has less
effect on deformation than that of Young’s modulus. Young’s
modulus in the thickness direction of FGM plates vary
according to power-law functions (P-FGM), Sigmoid
functions (S-FGM) or with exponential functions (E-FGM)
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Figure 3: The geometry of an FGM plate

4.1 The material properties of Power Law FGM
(P-FGM) plates (Vigot-Model)

The volume fraction of the P-FGM is assumed to vary
according to power-law function. The effective material
properties at an arbitrary point within the structural
domain, like Young’s modulus E, Poisson’s ratio V ,mass
density P ,coefficient of thermal expansion O.,of the FGM

plate are the effective material properties P These
properties are position dependent & can be expressed as.

P2 = PV, (2 + Pbe (2 1
Vi@ +V, (9 =1 @
V,(2) = (% + %] Where (N >0) (3)

Where P denotes a generic material property like elastic
modulus, where Pt and Pb denotes the property of the top
and bottom faces of the plate respectively & h is the total
thickness of the plate. Vt (Z) and Vb (Z) are the volume

fractions of the constituent of the top and bottom faces of
the plates. The volume fractions of the constituent of the top
(upper) surface of the plate follows
a simple power-law as,

z 1Y

V(2 =| —+= 4)
h 2

Where n is a non-negative volume fraction index which

describes the material variation profile

through the thickness of the plate and may be adjusted to

attain the optimum distribution of the
constituent material.

At the bottom surface (ﬂh) = —]/2; S0 Vt (Z) =0and
P(2) =P, (Metal)

At the top surface: (Z/h) 21/2; so Vt(Z) =1land
P(Z) = Pt (Ceramic)

At n =0 the plate is a fully ceramic plate while at n = oo the
plate is completely metal. The variation of volume fraction in
the thickness direction of the P-FGM plate is depicted in
Figure 4, which shows that volume fraction changes rapidly
near the lowest surface for n > 1 and increases quickly near
the top surface for n < 1. If temperature affects material
properties then effective properties are expressed as a
function of temperature. [79]

P=P(P,T +PT'+PT?+PT?) )

Where PO’P—l’ Pl, Pz, and P3 are the coefficients of

temperature T(K) and are limited to the constituent
materials. It is ascertain that the effective Young’s modulus
E and thermal expansion coefficient ¢ dependent on
temperature. But, the mass density p & the thermal
conductivity x are not temperature dependent. Poisson’s
ratio U is assumed to be constant as temperature change
has less effect on this. From Egs.(1) to (3) & Egs.(5), the
effective material properties with two constituents for
graded plates can be expressed as:

: " | lni
08 =0,
HE 102
g 07 4105
é 0.6 =e=nz]
E 0.5 ez
: 04 =f=n=5
Els P10
E 02 n=50
01 n=100
00 1220

Q5 0375 025 0425 0 0425 025 0315 05
‘ Non Dimensional Thickness (Z/h) |

Figure 4: Variation of volume Vt fraction through plate

thickness for various values of the power-law index n
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2z+h
2h

2z+h
2h

E(Z-T)=[Et(T)—Eb(T)]( j +E,(T)

a@T) =l -a, @ 25 o

2h

x(z) = (x, _Kb)(ZZZ—I: hjn + K

p(2) = (o, —pb)[zuhj + Py

4.2 The material properties of Sigmoid FGM (S-
FGM) plates

In the case of adding an Functionally Graded Material of a
single power-law function to the multi-layered composite,
stress concentrations induce on one of the interfaces
where the material is continuous but changes rapidly [20].
So, Chung & Chi (2001) defined the volume fraction using
two power-law functions to make sure smooth distribution
of stresses among all the interfaces. Then the two power-
law functions are defined by:

n
—+z
gl(z):l—% 2h forOSng (7
2
h n
—+z
gz(z):% 2h for—gszso 8)
2

By the use of rule of mixture, the Young’s modulus of
elasticity of the S-FGM can be calculated by:

E(2) = 0, (), +[1- 6, ()IE, h

forO<z<— 9
> 9)

E(z) =0,(2)E, +[1-9,(2)]E, for-g <z<0 (10)

Figure 5 shows that the variation of Young’s modulus in Egs.
(9) and (10) represents sigmoid distributions, so this FGM
plate is thus called a sigmoid FGM plate (S-FGM plates).

Elatic Constant for S-FGM -0
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—i— ===

05 0375 -025 0425 0 0425 025 0375 05

Non Dimensional Thickness (Z/h)

Figure. 5: The variation of Young’s modulus for S-FGM.

4.3. The material properties of Exponential FGM
(E-FGM) plates

Exponential function used to describe the material
properties of FGMs as follows [20].

B(z+hj
E@ =Ae * ? (11)
With 4 = E2 and B=1In 5
EZ
[ijln(l?j[ﬂg
E(Z) — E2e 2 (12)

The material distribution in the thickness direction of the E-
FGM plates is plotted in Figure 6.

/
—
/
/
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Figure 6: Variation of Young’s modulus in a E-FGM plate.
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4.4 Mori- Tanaka Homogenization Scheme

This method works well for composites with regions of
graded microstructure having clearly defined continuous
matrix and a discontinuous particulate phase. This method
assumes a small spherical particle embedded in a matrix.
According to the Mori-Tanaka scheme, the effective local

bulk modulus K & the shear modulus G are expressed by

K-K, V,
Ke=Kn 14 (1—VC)73(KC —Ko)
3K, +4G,,
(13)
G-G, V.
G.—Gn 14 (1—Vc)7(GC ~Gn)
G,+1
Where
. G, (9K, +8G,,) (14)

YB(K, +2G,)

Here Vi(i :c,m) is the volume fraction of the phase

material. The subscripts c and m refer to the ceramic and
metal phases respectively. The volume fractions of the

ceramic and metal phases are related byVC +Vm =ls VC is

defined as
VC:(22+hj "'n>0 (15)
2h

where nin Eq. (15) is the volume fraction exponent, & called
as the gradient index. The effective Young’s modulus E and

Poisson’s ratio V can be calculated from the following
expressions:

_ 9KG
3K +G
,_3K-2G

2(3K +G)

(16)

The thermal expansion coefficient & and thermal
conductivity K may be expressed by

1 1 -
a-a, K& K,
a,—a 1 1
K Ky - (17)
K—Ky, V.,
KoK 1oy %K _J
3K,

5. Application of Functionally Graded Material

Functionally Graded Material have basically been developed
for aerospace structures which operate under high
temperature fluctuations. Recently, however, due to their
flexibility in the manufacture of a particular composite
material, FGMs have acquired potential applications in
various fields according to the requirements. Major
applications of FGMs in different sectors are discussed
below.

5.1 Aerospace applications

In the first application of spacecraft projects, FGMs such as
SiC / C, Ni-based alloy / ZrO2, TiC / Ni were produced by
CVD methods. These ceramic metal FGMs were able to
withstand high temperature fluctuations, temperature
shocks and stress concentrations on the
Interfaces [85]. In addition, FGMs can act as a thermal
barrier system and are found in the insulation of combustion
chambers, rocket motor components and exhaust wash
structures of spacecraft. FGMs with TiAl / SiC fibers are used in
heat exchange panels, rocket nozzles, spacecraft armor structures,
nose caps and leading edge of missile and space shuttle. FGMs in
the spacecraft-truss structure, which can withstand a huge
mass of 200 tons with high-temperature-resistant and high
gravity-gradient properties. FGMs in the spacecraft-truss
structure, which can withstand a huge mass of 200 tons with
high-temperature-resistant and high gravity-gradient
properties [85]. Most helicopters, combat aircraft, armor,
weapons and armor are made of FGMs. These have good
damping properties with thermal and chemical inertness
and are therefore used in hull tanks, stabilizers, rotor blades,
aircraft wings, low temperature fuel tanks, gas turbines,
nozzles and compressor components of combat aircraft and
aircraft engines Helicopter. Ultralight FGMs are used in the
defense sector to develop weapon platforms, armor plates,
barrier materials, bullet-proof jackets, etc. Military
submarine components such as Sonar Dome Composite
piping systems are manufactured with Glass / Epoxy FGM,
Drive Shafts with Carbon / Glass Fiber FGM, Cylindrical
Pressure Sleeves with Graphite / Epoxy FGM and Immersion
Bottles with Al / SiC FGM [85].
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5.2 Medical application of FGMs

Medical applications include replacement of living tissues in
the human body with biopolymer FGM. Orthopedic and
dental implants are generally composed of hydroxyapatite
collagen (HAP) and titanium alloys. High-density
polyethylene with a graded biopolymer coating is used in
orthopedic implants such as total hip, shoulder and knee
replacement dentures [85]. Nano-hydroxyapatite reinforced
polyvinyl alcohol (Nano HA / PVA) gels are used as an
artificial articular cartilage repair material [85]. Ti-29Nb-
13Ta-4.6Zr (TNTZ) with graded microstructure is used as a
dental implant for the reconstruction of the malfunction
when the tooth root is completely lost or extracted.

5.3. In Photo electronic Applications

In photo electronic devices, the refractive index modulation,
the diffusion length, the energy gap, and other properties can
be adjusted using a material gradation technique, thereby
improving absorbing abilities and generating efficiency [85].
Therefore, these are widely used in antireflection films,
optical fibers, optical lenses, photo detectors, solar cells,
optical sensors, semiconductor devices, computer boards,
mobile phones. Functionally Graded Material embedded with
piezoelectric layers are used in shape memory alloys.

5.4. IN Automobile Sector

Automobile parts require high strength with crack, break
and temperature shock resistance. FGM with Al / SiC are
used as linings for engine cylinders, steering wheels, drive
shafts and racing vehicles breaks [85]. Diesel motor pistons
consist of SiCw/Al-alloy and leaf springs with Al/C FGMs.
Some others include engine sprocket wheels, pulleys, shock
absorbers, radiator end caps, etc. Most forming tools, cutting
tools, forging and machine tools are manufactured with FGM.
Some examples are lathes, drilling machines, broaching
machines, gear shapers, shafts, etc.

5.5 As Thermal Barrier Coating

FGM is also used as a coating material that reduces the heat
loss of engine exhaust components such as turbocharger
housings, exhaust manifolds, exhaust manifolds, tailpipes
and downpipes, thus reducing the consumption of coolant.
Turbine turbine blades of a 40,000 rpm gas turbine are
coated with TiAl/SiC FGM to provide a thermal barrier [85].
In addition, anti-abrasion sports equipment such as tennis
racquets, baseball cleats, sports shoes, racing bike frames,
etc. are emphasized based on the property of stress
reduction. Some of the commonly used FGMs include razor
blades, cutting tools, eyeglass frames, helmets, X-ray
machines, fuel tanks and pressure vessels, wind turbines

Blades, MRI scanner parts and cryogenic tubes, laptop cases,
titanium clocks, window glasses, camera, etc.

Inrecent years, FGMs have proved to be most advantageous

over conventional structural materials and layered
composites due to their continuous change in characteristic
property. Although they are widespread in various fields,
there are few difficulties that need to be solved by further
research in this area. The mathematical modeling of the
graded materials plays an important role in predicting the
exact behaviour of the FGM plate. Although experimental
investigation methods for predicting the individual thermo
physical material properties, microscopic investigations
have to be carried out and quantitative relationships have to
be determined for the precise assessment of the physical and
thermal properties of graded materials. These relationships
are used with different theories for the analytical or
numerical evaluation of different FGM plate reactions. In this
paper, various theories and mathematical idealizations
techniques for the stress, vibration analysis of FGM plates
exposed to thermal stresses.

6. Variation of Temperature

The thermal analysis of FGM can be carried out by suitable
modeling of the temperature distribution. In general, the
material properties in FGMs vary across the thickness of the
plate while the in-plane is homogeneous. Therefore, it is
assumed that the temperature fluctuations occur only in the
thickness direction and are evaluated in different ways.
Some of the most frequently used methods in the literature
are discussed in the following sections.

6.1 Linear and constant Variation

For the analysis of FGM plates and shells this type of
temperature distribution has been described in [85]. The

temperature at the upper (Tl) and lower (TO) surfaces

was assumed to be the same in constant distribution,
whereas the temperature was different in linear distribution.
The thickness variation of the temperature is expressed as,

z 1
T=T,+(T-T,)| —+— 18
z 0 (T, o)(h 2) (18)

Tz is the temperature at each point across the plate

thickness (h) through the coordinate direction (Z) .

6.2 Heat conduction equation

The non-linear variation of the temperature is usually
obtained from the solution of the heat equation. The heat
equation in three - dimensional form is discussed in [85] and
is expressed as,
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Where q is the internal heat source or the heat. This

equation is used for the transient response of various types
of FGMs. The thermal equilibrium of the FGM, called as
steady state responses (no heat flow, () is assessed by

placing the right side zero. In addition, static analysis (with
or without heat flow, q) can be performed by neglecting the

term (6 T/a t) i.e. the rate of change of temperature with

respect to time. Most of the two-dimensional thermo-elastic
studies were carried out using a one-dimensional heat
conduction equation [85]. This is due to the assumption of
material homogeneity in the plane of the plate and varies
only in the thickness direction. The static steady state one-
dimensional heat equation without heat flux is given by,

d dT,
- —( ) 0 (20)
dz dz
The solution for a one-dimensional and three-dimensional
heat conduction equation can be obtained using relevant
boundary conditions and temperatures at the surfaces.
Therefore, through the thickness, the temperature variation

can be evaluated for different idealizations of material
properties that are analyzed in the previous sections.

6.3 Polynomial distribution

In recent studies, the temperature profile (TZ) in the

thickness direction was defined according to the layered
description of the displacement field. The higher order terms
of the displacement field are also included to capture the
effect of non-linear distribution. The polynomial form of
temperature variation across the thickness of the plate is
expressed as,

T, = Tl+(th + \llr(]Z)T3 21)

Where, Tl, T2 and T3 are the terms of thermal load across
the thickness of the plate and \V(Z) is the higher order

displacement term, which can be assumed to be zero for
models based on First Order Shear Deformation Theory
(FSDT) and Classical Laminated Plate Theory (CLPT).
Zenkour and co-authors used higher order terms of Reddy's
shear deformation theory (R-TSDT) and Sinusoidal Shear
deformation Theory (SSDT) to determine the value of

\V(Z) and calculated the corresponding nonlinear

polynomial temperature profiles [85]. K. Swaminathan et
al. [85] reported the polynomial form of the temperature
field with four thermal loads based on the shear deformation
theory (TSDT) of the third order and is given by

3
Z
TZ:T1+(h)T +(hj T+(hj T, (22)

The stress and vibration analysis of FGM plates using the
various material idealizations and different temperature
profiles discussed in the previous sections.

7. Future directions for research

FGMs have revolutionized the field of modern materials
science by incorporating graded microstructure and have
proven to be a multifunctional material in the management
of extreme conditions more effectively. The flexibility in the
design and its performance in thermal environments are the
main reasons for its possible applications in various sectors.
Therefore, the modelling and analysis of FGM are extremely
important for the development of this new emerging
material. Although notable research is reported, there are
few areas that need further expansion in the research work.

1. 3D-exact solutions for the thermal stress analysis of
FGM plates were developed using the three-dimensional
distribution of the temperature field. It is also necessary
to develop a solution for thermal vibration and buckling
analysis of FGM plates.

2. A large number of two-dimensional theories assume
that transverse deformations are linear, which is not a
valid assumption for thermal analysis. Therefore, 2-D
computational models must be developed by including
higher order transverse displacement terms for accurate
evaluation of thermal responses.

3. The computational techniques based on numerical
methods have to be developed for the three-dimensional
analysis of functionally graded material so that the time
involved and the costs incurred for the analysis can be
reduced. The finite element and non-mesh methods i.e.,
meshless method are more flexible in the handling of
various plate geometries and boundary conditions.

4. The formulations and analytical solutions must be
developed for non-linear variable thermal loads using
higher order displacement models, including nonlinear
geometrical effects. In addition, the effect of
temperature dependence must be studied for complex
geometries and boundary conditions.

5. Most of the numerical methods reported in the
literature were based on first-order shear deformation
theory. Therefore, an attempt must be made to develop
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reliable finite element formulations and solutions using
higher-order shear deformation theory. In addition, the
accuracy of several computational models for plates
with complex geometry and boundary conditions that
include nonlinear geometric effects should be evaluated.

6. Current studies have been limited to the evaluation of
temperature independent properties. Focused attention
is required for the development of temperature-
dependent analysis for various geometries, including
non-linear effects.

7. Although most two-dimensional theories have discussed
the variation in the power law of material properties,
three-dimensional thermo-elastic solutions have not yet
been reported.

8. Assessments of the most appropriate temperature
distribution for the development of analytical models
should be studied accurately for accurate evaluation of
plate deformations.

8. Conclusions

An overview of advanced developments in thermal stress,
vibration and buckling analysis of single / multi-layer FGM
and sandwich plates is presented. Most theories/
computational models used for the analysis of composite
laminates / isotropic plates are extended for FGM plates.
Three-dimensional elasticity solutions proved to be the most
accurate solutions for the thermal analysis of FGM plates.
Due to the mathematical complexity, the investigations are
limited to analytical methods with only simply supported
edges or clamped edges. Most of the three-dimensional
solutions reported on the stress analysis of FGM plates have
assumed a three-dimensional distribution of temperature
variations for thermal analysis, while vibration and kink
analyzes indicate the one-dimensional variation of
temperature distribution. Therefore, exact solutions for
thermal vibration and buckling analysis are still not
available. Exact three-dimensional solutions using the power
law function were not treated. Also 3D solutions with
geometric non-linear effects and temperature-dependent
variations of the material properties are not yet reported.
The computational effort and the associated costs are very
high for the 3D analysis, and therefore the development of
the most accurate solution methods based on approximation
methods / 2D theories attracts attention of the researchers.
Most of the 2D plate theories such as CLPT, FSDT, HSDT,
TSDT, CUF, non-polynomial theory of refined plates, etc.,
have only considered the effect of transverse shear strain in
predicting the global responses of FGM plates, while only a
few shifts models have focused on incorporating the effect of
both transverse and transverse normal deformations.
It should be noted that the assumption of a constant
transverse deflection in 2D plate theories was invalid for the
thermal analysis of FGM plates and therefore the effect of
transversal displacement terms of higher order must be used
for an accurate prediction of responses. Among the available

2D theories, FSDT, R-TSDT, and HSDT have been widely
discussed in the literature for various plate geometries,
temperatures, initial imperfections, and constraints. Some
semi-analytical computer models have also been developed
for the thermal analysis of FGM plates, based on state-space
methods, asymptotic methods, DRQ Technique, etc. These
methods are extended to numerical methods such as FEM
and Meshless methods and thus consistently found. The
distribution of temperature in a FGM plate has a significant
effect on the voltage results induced by thermal stress. A
suitable grading scheme and temperature profiles can
reduce the thermal and stress intensity factors. Therefore,
residual stresses can be nullified by using multilayer FGM of
constant composition and thickness. Accurate evaluation of
thermo-elastic reactions in graded materials is only possible
if Temperature-dependent material properties together with
heat equation for the temperature distribution. The
differences between the deflections and stresses calculated
with temperature-dependent and temperature-independent
material properties increases with the thermal gradientand
the material gradient index. Also the higher inclusion of
metal causes deterioration of thermal resistance and
deterioration of material rigidity. Because of thermal
membrane effect, the geometric nonlinear deflections were
found to be greater than Linear. Therefore, under thermal
loading conditions, FGM plates with clamped edges were
used proved to be more stable than plates with other
boundary conditions and are able to neutralizing bifurcation
type of instability. The micromechanical modeling methods
used to estimate the effective material properties of these
graded composites play a crucial role in determining the
overall response of the FGM plate. The micromechanical
modeling methods used to estimate the effective material
properties of these graded composites play a crucial role in
determining the overall response of the plate. Despite this,
the predicted responses from several idealization schemes
were agreed qualitatively but differed quantitatively. FGM
can also withstand high temperatures and therefore, thermal
responses need not necessarily be intermediate between the
metal and the ceramic plate and they are found to be much
higher. It can be seen that the imposed thermal environment
has a significant effect on the natural frequency of the
structure, and by increasing the imposed temperature, the
natural frequency for non-linear FGM indices decreases; this
effect is prevalent at higher temperatures.
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