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ABSTRACT: Availability analysis can be used in research and development to evaluate the performance of new systems
technologies and components. In the context of three unit series parallel system availability analysis can help to evaluate the
reliability and availability of the system, identify the most critical components and sub systems, optimize the system configuration
and maintenance strategies and assess the risk of system failures and develop strategies. This paper presents the availability
analysis of a three unit series parallel system subjected to common cause and human error failures. A general method for the
system steady state availability or limiting availability of the system is developed when failed system repair times are gamma
distributed.
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1.INTRODUCTION:

The reliability evaluation of two component stand by systems, series and parallel systems, have been studied by
many authors under different assumptions . In reality the systems under the consideration may not be modeled as
series or parallel systems. For example, if we consider a human system, the heart and the kidneys should function
properly for the human being to survive (assuming the remaining parts of the body are all operative). However
this cannot be modeled as a simple series or parallel system comprising two sub systems with one or two
components in each sub-system While the heart does appear as a single component in the first sub-system , the
second sub - system representing the kidneys will have to be represented by two components , each one
corresponding to one of the two kidneys . This is necessitated by the fact that the proper functioning of any one of
the two kidneys ensures the survival of the human being. The system may therefore by modeled as a series -

parallel system as shown in fig. 1.
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Figl: series - parallel system

Fig 1

Here the components A, B and C are statistically independent, i.e., the failure of one component does not
affect the failure or otherwise of the other two components. The other examples of series - parallel systems are
1. A CPU connected to two parallel I/0 ports.
2. A Multiplexer connected to a pair of terminals.
3. A Stabilizer powered by two alternative sources.

In this paper we consider a three unit series parallel system and we study the availability analysis of the
system is subjected to common cause and human error failures.
2. ASSUMPTIONS AND NOTATIONS:

we consider three models of a three unit series-parallel system consisting of the units A, B and C which
is in functioning state only, when A is functioning and either B or C are in functioning state , and we assume
that the system is subjected to common cause and human error failures.
ASSUMPTIONS

At any time epoch ‘t’ the system can be in one of the following eight states.
0 — The state of the system with all the three components functioning state.
1— The state of the system with the component A and one of the components B or C is

in functioning state.

2 — The failed state of the system corresponding to the failure of A from the State ‘0’
3 — The failed state of the system due to the failure of the component A from state 1.
4 — The failure state of the system corresponding to the failure of both the components

B and C while A is functioning.
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5 — The failed state of the system due to human error from state ‘0’.
6 — The failed state of the system due to common cause.
7 — The failed state of the system due to common cause of failure of A and B
NOTATIONS :
t =Time
S = Laplace transform variable

A = Constant failure rate of the units A and B.

Ac, = Constant common cause failure rate of the system from the state ‘0’
An = Constant human error failure rate of the system

Ac, = Constant common cause failure rate of the system from state 1.

Aa = Constant failure rate of the unit A

Aag = Common failure rate of A and B
p = Constant repair rate of a unit
ui1 = Constant repair rate of the system from the state 4.
pz = Constant repair rate of the system from the failed state 3.
uag = Common repair rate of A and B.
Px(x,t) = Probability density (with respect to repair time) that the failed system isin
state K and has an elapsed repair time of x for K = 5,6.
Lk(x), qk(t) = Repair rate and probability density function of repair time irrespectively
when the failed system is in state k and has an elapsed repair time of x
fork=75,6.
B = The shape parameter of the Gamma probability density function.

3.ANALYSIS

With the above notations the transition diagram of the system is given by

Fig 2: Transition diagram

Hs

© 2026, IRJET | ImpactFactorvalue: 8.315 | IS0 9001:2008 Certified Journal | Page 1807



’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056

JET Volume: 13 Issue: 03 | Mar 2026 www.irjet.net p-ISSN: 2395-0072
2 6 3
HaA Ac
A C Aa
He(x)
AAB 2\
7 > 0 i 1
|
Hpg H
A
Ah e
Hs(x) *

5 M1 4

Fig 2: Transition diagram

The system of integro differential equations associated with this model are given by

dPO )
+ (20 + ﬁc + Aa+ An + Aag) P0 (t) = u P1 (£)+ pa P2 (£)+ pz P3(t) + 1 Pa (D) +
1
e 0] (e 0]
uasPr(t)+ | Ps(xt) ps (x) dx+ [ Ps (xt) pe (%) dx 1
0 0
dPl(t)
+(u+da+A+A4 )P () =21 Py (V) 2
dt Cy
dP2 (t)
+ua P2 (t) =AaPo (t) 3
dt
dP,(t)
+ Uz P3 (t) =P (t) 4
dt
dP4 (t)
g P, (t) =A P (1) 5
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dpP, (t)
+ Uag Pz (t) = Aag Po (t) 6
0 0
—+—+u-(x) P-(x,1)=0 7
{ax T )} L (x,1)
0 0
—+—+us(X) |P.(X1) =0 8
[ax p kg ( )} 50
Ps (O,t) = AnPo (t) 9
Ps(0t)= A4 Po(t)+ 4. Pi(t) 10
C c
1 2
The initial conditions are given by
Po(0) =1and pj(0) =0 for j=1,2,34,7
Py (x,0)=0 for K=5,6.
Using Laplace Transformations the above equations reduces to
SPO(S) -1+ (20 + AC + Aa+ An + AaB) PO(S) =uPi (S)+paP2(S) +m2P3(S) +
1
o0 o0
w1 Pa(S)+uasP7(S)+ | Ps(x,S)us(x)dx + | Ps (%,5) pe (x) dx 11
0 0
SPl(S) +(L+Aa+ A +ﬂ,c ) P1(S) =21 Py (S) 12
2
SPz (S) +HA Pz (S) = 7\4A Po (S) 13
SP; (S) +u2 P3 (S) =2 P1 (S) 14
SP4 (S) + p1 P4 (S)=AP1(S) 15
SP7 (S) + HaB P7 (S) = }MAB Po (S) 16
0
[&+S+y5(x)}P5(x,S)_O 17
i+S+ (x) [P.(x,S) =0 18
ox o He T\ T
Ps (0,S) = APo (S) 19
P (0,S)=A4_ Po(S)+ A_ P1(S) 20
C C
1 2
From equations 12 to 16
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2\ PA (S
P(S) = 0
S+X+XC2+H+XA
Po(S)
Py(S) = A0
S+uA
5 - AP 2Py ()
S+ S+ S+A+Ac_ +u+A
Ho ( Hz)( C2 n A)
AP, (S 2
P\(S) = 1 _ 2\ Py(S)
S+|,11 (S+u1)(8+k+kC2 +u+kA)
A
P(S) = —2B—Py(S)
S+“AB
From equations.11
SPA(S)-1+(2h+ A_ +hat A+ Aas) P(S) = 2\ p P (S) +
0 ¢ AT o St+h+ho +u+h, O
2
2
u AX APO(S) 2\ By P (S)
) 0

+
S+HA (S+u1)(S+k+kC2 +p+kA

20\
+ A"2 5(S) + - LBABp ()
(S+u2)(S+X+XCZ+u+XA) HAB
0 o0
+ [ Ps(xS)ps (x)dx + | Ps(x,S) pe (x) dx
0 0

From equation 17

a% Ry (,8) = ~(S+ 15 (X)) (%)

0
—P_(x,S
ax 5 (%.5)

= W =—(S+ H5(X))
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Integrating we obtain

X
[IogPS(x,s)E =-SX — (j)pS(x)dx

llogP5 (%9)]

X
=-SX — d
|IogP5 (0,s)| § (I)MS(X) §

X
P5 (x,5) ) e—sx— (j)p5(x)dx
P5 (0,9)

—sx—)[(ps(x)dx
= P (x,5) = P5(0,5)e 0

=xhe 0 pO(S) 21

Again from equations 18 we obtain

X X
—sX— g (X)dx 20 —sX— g ()dx
Ps(x.9) =P;(0.5e O - 2 NOTI
Ci S+A, +A+A_ +p
1 A c
2
22
From equation 11. we have
SPA(S)-1+(2h+ A +hat hn+has) P (S) = 2\ p P (S) +
0 c, MY S+rA+A~ +p+i, O
1 C, A
A APA(S) yan
A"A 0 + 1 PO(S) +
S+pA (S+u1)(S+k+kC2 +p+xA)
.\ P (S + LABMBp o
0® + < PO
(S+u2)(S+X+XC2+u+xA) S+“AB
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X
—SX—[ g (x)dx

o0
J e 0 Po(S) ks (x) dx +
0
20, X
o c, —Sx—jue(x)dx
[ [a + Py(S) kg (X)e 0 dx
ol % S+kA+X+XC +u
2
= SP.(S) -1+ AP (S):ip (S)+ip (S) + 9 P+ (S)
0 60 s+A; 077 s+A, 0 (S+A)S+AZ) O
2000
+ P10 P (spﬂp (S) + 1, P (S)ae(S) +| 1 + "2 | (S) q.(S)
(S+A)S+A,) 07 s+A 0 h 015 C S+A 076

on simplification we obtain
(S+A)NE+AL)S+AZ)S+A,)(S+AL)
Q(S)

23

PO (S) =

Where Q(S) =S6+S5A16+S*A17+S3A1g+ S2A19+ S Az + An
- Ah qs(S) (SS +S% A2 +S3A23+S2 A+ S A+ Aze)
-q6(S) (55 Az7 + S Axg + S3 Az9+ S2 A3g+ S Az + A32) and A; to As; are constants

©  —sx
qk(S): (f)e qk(X)dX
X
- [ (9
dy ) =g (e O forK=5, 6

From the equation 21

o0
P.(S) = IPi (X,S)dx2 we obtain
0

P5 (S) = OgPS (x,S)dx
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—sx X
o —[ug (x)dx

=ﬂhp0(S) [ e e 0 dx
0
[ —sx X ® —sX ]
_ X
IH5(X)dX _.“,l (X)dX
e e’ ST 07T okt
=21,Po(S) -S 0 >0 s
0
0 SX X
L 1@ _éHS(X)dX
- ——= e - e dx
=4 Py |3 s(f) 1 (X)
A Pr(S)
= 2 (1-a5(9)
Similarly from the equation 22 we get
2\
) C, [1-q,(5)
P.(S) = [Pr(X,S)dX =| A~ +—2 6P (s
6(9) = [Pox) C Sia | s 5(S)

As a special case we assume that the repair time distribution of the failed system will follow

Gamma distribution with shape parameter 3. In this case one has

ﬂs(uSX)ﬂ_le °
0 (x) = t>0,8>0 24
7(B)
and
uﬁ(uGX)ﬂ_le 6
q6(x)= 1>0,6>0 25

7(B)

(I). We assume that the shape parameter 3 = 1. In this case the repair rate of the failed system is constant and its

repair times are exponentially distributed. Hence we have

© 2026, IRJET | ImpactFactorvalue: 8.315 | IS0 9001:2008 Certified Journal | Page 1813



’,/ International Research Journal of Engineering and Technology (IRJET)

e-ISSN: 2395-0056

JET Volume: 13 Issue: 03 | Mar 2026 www.irjet.net p-ISSN: 2395-0072
O (X) = 458 26
Gg () = 1g8 6 27

Taking Laplace transforms we obtain

o u
_ "5 _ "6
05(S) = —— and q(S) =

S+u5 S+u6
substituting these results into equation 2.3.23 we obtain
N, ()
po(S) = 28
SD _ (S)
0
Where No (S)=S7+B1S6+B2S5+B3S4+BsS3+B5S2+BsS +By
DO(S)=S7+B855+B955+Blos4+B1153+B1252+B135+B14
Similarly,
(S+ug)(S+ug)
P(S) = 5 7N, (9) 29
SDO(S)
(S+ug)(S+pg)
Py(S) = A N, (S) 30
SDO(S)
(S+ug)(S+ug)
Py(S) = 5 0N, (9) 31
SDO(S)
(S+pue)(S+pg)
P,(S) = A N, (S) 32
SDO(S)
(S HG)
P=(S) = —— 2> 33
5= 55,9 "5
(S H5)
P~ (S 34
69 =55 (9 Mo
(S+ug)(S+pg)
P-(S) = N- (S 35
10" g o N
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where
N1 (S) = 2\ (S+A2) (S+A3) (S+A4) (S+As)
N2 (S) = Aa (S+A1) (S+A3) (S+A4) (S+As)
N3 (S) = 24 (S+A2) (S+A3) (S+As)
N4 (S) = 212 (S+A2) (S+A4) (S+As)
N5 (S) = An (S+A1) (S+A2) (S+A3) (S+A4) (S+As)

No(S) = [(S+A1) A, +2R A, ](5+A2) (S+As) (S+A4) (S+As)
1 2

N7 (S) = 7bAB (S+A1) (S+A2) (S+A3) (S+A4)
If Si, 1<i < 7 are the real roots of the equation Do (s) = 0 then

from the equation 28 and 29 we obtain

Slt Szt 83t S4t S5t
PO(t)zGl+Gze +Gge +G4e +GSe +GGe +G7e

S S

t t
6 +G8e 7

And

Slt SZt S3t S 4t 85t 86'[
Pl(t) = G9 - GlOe + Glle + Glze + GlBe + G14e - Gl5e + GlGe

Here the time dependent availability A, (t) of the system is given by
Ay(t) =Po (t) + P1 (t)

S7t

Slt 82t 83t
=(G1+Gg)+(G2+G10)e +(GS+Gll)e +(G4+Glz)e

S 4t 85t 86t S7t
+ (G5 + (313)e + (G6 + Gl4)e + (G7 - G15)e + (68 + GlG)e

Limiting availability (steady state )A, of the system is given by

It
A=, AD=G+G

V to 9)

(ii) We assume that the shape parameter £ =2

In this case repair time distribution is Erlangian and its repair rates become time-dependent. In this case

one has

q5(x) = ,u52X6 5" and
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_ 2, HgX
q6(X)—u6XG

Taking Laplace Transforms we obtain

g g
I5(8)=—>—  and gg(s)=—L—
(S + 445) (S + 1)
Substitute these expressions in 2.3.23
NR 0 (s)
P.(S)=——— 36
0 sDR ;(9)

where

~9.,.8 7 6 5 4 3 2 1
NRO(s)_s +5 816+S Bl7+s Bl8+s Blg+5 BZO+S BZl+s 822+s 823+ 824

where B; to B33 are constants

5 3 2
+5"Byg 29 +5 B3 +57Bgy +5Bgy + Bgg

Similarly

2\
P,(S) = ———P(S
1) S+A; 0

(S+ng) (S +ng) 37
= Py(S) = NR, (S)
SDR ()

2 38

A
P(S) = —2—P,(9)
S+u2

(S+1g)° (S+g)
SDR (S)

2 39

= Py(S) = NR,(S)
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A
PA(S) =——P,(S)
S+
1
2 2 40
(S+ug)” S+ug)
=P, () = NR ,(S)
SDR ()
A
P(S) = —22—Py(9)
G 41
2 2
(S+ug)” (S+ug)
= P,(8) = NR-,(S)
SDR 0 (S)

42
(S+2ug)S+pg)
= P_(S) = NR_(S)
5 SDR (S) 5
et (1-a,(9)
Ps(S) =In, + ] Py ()
2 S+A1 S
43
(S+2u.)(S+ng)°
= Ps(9) = NR(S)
SDR (9)

where  NR;(S) = 20+ A,)(S+Ag)(S+A)(S+Ag) = Ny ()
NR () =  (S+A1)(S+Ag)(S+A,)(S+Ag) = Ny(S)

NR4(S) = 20 5 (S+A,)(S+AZ)(S+Ag) = Ng(S)

NR 4(S) = 202(S+A,)(S+A,)(S+Ag) = Ny (S)
NRg(S) =y (S+A)(S+A,)(S+AZ)(S+A,)(S+Ag) = Ng(S)
NR(S) = [xcl (S+A) +m02 1S+ A,)(S+A)(S+A,)(S+Ag) = N (S)

NR-(S) =2 A(S+AL)S+AL)S+A,) =N (S)

AB(S+

© 2026, IRJET | ImpactFactorvalue: 8.315 | IS0 9001:2008 Certified Journal | Page 1817



’,/ International Research Journal of Engineering and Technology (IRJET) e-ISSN: 2395-0056
JET Volume: 13 Issue: 03 | Mar 2026 www.irjet.net p-ISSN: 2395-0072

For real roots Si ,i=1..9 of the equation DRO(S) =0 from equations and

We obtain

St S,t Syt Syt Set Sgt
Po®=H +He = +He < +Hee = +He ® +H.e 2 +He ® +Hge
Syt Syt
+Hge 8 +H, e 9

9 10
S,t S, t St S, t S_t St S_t
_ 1 2 3 4 5 6 7
Pl(t) = Hll+ H12e - H13e + H14e - H15e + H16e + H17e + H18e
St St

8 9
+ nge + H20e

where H; to H;g are constants

S7t

Here the time dependent availability N (t) of the system is given by
AV (t) = P0 O+ Pl(t)
Slt 82t 83t
(Hl+ Hll)+(H2 +H12)e +(H3+H13)e +(H4 +H14)e

S4t S5t S6t 87'[
= +(H5+H15)e +(H6+H16)e +(H7+H17)e +(H8+H18)e

S8t Sgt
+ (H9 + ng)e + (H10 + H20)e
Limiting Availability (steady state) A\/ of the system is given by

It
Ay = Ay@it)=H,+H
V t > o0 V() 1

11
DISCUSSION
The Availability curve is plotted in figure 3. From these graph we observe that

1 The Availability of the system decreases with time; Availability of the system decreases more rapidly for £ =2
that f =1.

2 Asthe human error increases, the Availability of the system decreases.
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Fig 3: Availability curve
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