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Abstract 
 
In the present paper we have introduced multi-index Bessel function and multi-index Mittag Leffler function and established 
the generalized fractional derivative operators of the product of generalized multi-index Bessel function and multi-index 
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                                                 Definitions 

For  𝐴𝑗, 𝐵𝑗 , 𝜆, ∈ ℂ, µ > 0,ℛ𝑒(𝜆) > 0  the generalized multi-index Bessel function is defined by Choi and Agarwal ,1-  in the 

following summation form: 

𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥) = ∑
(𝜆)𝜇𝑙

∏ 𝛤(𝐴𝑗 𝑙 + 𝐵𝑗 + 1)𝑚
𝑗=1

(−𝑥)𝑙

𝑙!

∞

𝑙=0

;      (𝑚 ∈ ℕ)                              (1.1) 

where  ℛ𝑒(𝐵𝑗) > −1 and ∑ ℛ𝑒(𝐴𝑗)
𝑚
𝑗=1 > 𝑚𝑎𝑥 {0;  ℛ𝑒(𝜇) – 1} 

For 𝐴𝑗 , 𝐵𝑗 , 𝜆, 𝜌 ∈ ℂ, the generalized multi-index Mittag Leffler function is defined by Saxena and Nishimoto ,13-  in the 

following summation form 

𝐸
(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌 (𝑥) = ∑
(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗 𝑘 + 𝐵𝑗)
𝑚
𝑗=1

𝑥𝑘

𝑘!

∞

𝑘=0

;      (𝑚 ∈ ℕ)                              (2.1) 

where  ℛ𝑒(𝐵𝑗) > 0 and ∑ ℛ𝑒(𝐴𝑗)
𝑚
𝑗=1 > 𝑚𝑎𝑥 {0;  ℛ𝑒(𝜌) – 1; 0}. 

For 𝑚 = 1 the generalized multi-index Mittag Leffler function (2.1) reduce into the generalized Mittag-Leffler function given 
by Shukla and Prajapati ,16- and defined as  

𝛦𝐴,𝐵
𝜆,𝜌(𝑥) = ∑

(𝜆)𝜌𝑘

𝛤(𝐴𝑘 + 𝐵)

𝑥𝑘

𝑘!

∞

𝑘=0

 ,                                                              (2.2) 

where 𝐴, 𝐵, 𝜆 ∈ ℂ;   ℛ𝑒(𝐴)  > 0, ℛ𝑒(𝐵)  >  0, ℛ𝑒(𝜆)  >  0 and 𝜌 ∈ (0, 1)  ∪  ℕ  

For 𝑚 = 1 and 𝜌 = 1, the generalized multi-index Mittag Leffler function (2.1) reduce into the generalized Mittag-Leffler 
function given by Prabhakar ,10- defined as 

1 Generalized Multi-Index Bessel Function
  

2 Generalized Multi-Index Mittag Leffler Function  
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𝛦𝐴,𝐵
𝜆 (𝑥) = ∑

(𝜆)𝑘
𝛤(𝐴𝑘 + 𝐵)

𝑥𝑘

𝑘!

∞

𝑘=0

 ,                                                            (2.3) 

where 𝐴, 𝐵, 𝜆 ∈ ℂ ;   ℛ𝑒(𝐴)  > 0, ℛ𝑒(𝐵)  >  0, ℛ𝑒(𝜆)  >  0, 𝑥 ∈ ℂ  and (𝜆)𝑘

 
For µ = [Re(γ) + 1] and 𝑥 > 0, where  1 ,  2 ,  1 ,  2 , γ ∈ ℂ  with  Re(γ) >  0,     the 
  
generalized fractional derivative operators are defined [ 12, 15 ] as follows: 

 
 

𝐷0+
𝛼1,𝛼2,𝛽1,𝛽2,𝛾𝑓(𝑥)  = (𝐼0+

−𝛼2,−𝛼1,−𝛽2,−𝛽1,−𝛾𝑓)(𝑥);   Re(γ) >  0 

 

                                 = .
𝑑

𝑑𝑥
/
𝜇

(𝐼0+
−𝛼2,−𝛼1,−𝛽2+𝜇,−𝛽1,−𝛾+𝜇𝑓)(𝑥).                                                             (3.1)   

 
 

𝐷0−
𝛼1,𝛼2,𝛽1,𝛽2,𝛾𝑓(𝑥)  = (𝐼0−

−𝛼2,−𝛼1,−𝛽2,−𝛽1,−𝛾𝑓)(𝑥);   Re(γ) >  0 

 

                                 = .−
𝑑

𝑑𝑥
/
𝜇

(𝐼0−
−𝛼2,−𝛼1,−𝛽2,−𝛽1+𝜇,−𝛾+𝜇𝑓)(𝑥).                                                        (3.2)   

 
Where generalized fractional integral operators are defined as 
                                      

        (𝐼0+
𝛼1,𝛼2,𝛽1,𝛽2,𝛾𝑓)(𝑥)      

 

          =
𝑥  −𝛼1

𝛤(𝛾)
∫

(𝑥−𝑡)𝛾−1

𝑡𝛼2

𝑥

0
 𝐹3 .𝛼1, 𝛼2, 𝛽1, 𝛽2; 𝛾; 1 −

𝑡

𝑥
, 1 −

𝑥

𝑡
/ 𝑓(𝑡)𝑑𝑡  

 
and 
 

 (𝐼0−
𝛼1,𝛼2,𝛽1,𝛽2,𝛾𝑓)(𝑥)      

 

          =
𝑥  −𝛼2

𝛤(𝛾)
∫

(𝑡−𝑥)𝛾−1

𝑡𝛼1

∞

𝑥
 𝐹3 .𝛼1, 𝛼2, 𝛽1, 𝛽2; 𝛾; 1 −

𝑥

𝑡
, 1 −

𝑡

𝑥
, / 𝑓(𝑡)𝑑𝑡 . 

 
The following image formula for a power function under the generalized fractional integral operators is given [15] as follows: 
 

        (𝐼0+
𝛼1,𝛼2,𝛽1,𝛽2,𝛾𝑡𝜀−1)(𝑥)      

 

     = 𝛤 [
𝜀, 𝜀 + 𝛾 − 𝛼1 − 𝛼2 − 𝛽1, 𝜀 − 𝛼2 + 𝛽2

𝜀 + 𝛽2, 𝜀 + 𝛾 − 𝛼1 − 𝛼2, 𝜀 + 𝛾 − 𝛼2 − 𝛽1,
] 𝑥𝜀−𝛼1−𝛼2+𝛾−1,                           (3.3) 

 
   where  Re(𝜀)> 𝑚𝑎𝑥*Re(𝛼1 + 𝛼2 + 𝛽1 − 𝛿), Re(𝛼2 − 𝛽2),0+  and 
 

        (𝐼0−
𝛼1,𝛼2,𝛽1,𝛽2,𝛾𝑡−𝜀)(𝑥)      

 

     = 𝛤 [
𝛼1 + 𝛼2 − 𝛾 + 𝜀, 𝛼1 + 𝛽2 − 𝛾 + 𝜀, −𝛽1 + 𝜀

𝜀, 𝛼1 + 𝛼2 + 𝛽2 − 𝛾 + 𝜀, 𝛼1 − 𝛽1 + 𝜀
] 𝑥−𝜀−𝛼1−𝛼2+𝛾,                  (3.4) 

 
   where  Re(𝜀)< 1 +𝑚𝑖𝑛*Re(−𝛽1), Re(𝛼1 + 𝛽2 − 𝛾), Re(𝛼1 + 𝛼2 − 𝛾)+  and 

  is the well known  Pochhammer symbol. 

3 Generalized Fractional Derivative Operators 
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𝛤 0
𝛼1, 𝛼2, 𝛼3
𝛽1, 𝛽2, 𝛽3

1 =
𝛤(𝛼1)𝛤(𝛼2)𝛤(𝛼3)

𝛤(𝛽1)𝛤(𝛽2)𝛤(𝛽3)
 

 
The generalized fractional derivative operators reduce into the saigo fractional derivative operators due to the following 
relations: 
 

( 𝐷0+
0,𝛼2,𝛽1,𝛽2,𝛾𝑓)(𝑥) = ( 𝐷0+

𝛾,𝛼2−𝛾,𝛽2−  𝛾𝑓)(𝑥);  Re(γ) > 0                                   (3.5) 

 

( 𝐷0−
0,𝛼2,𝛽1,𝛽2,𝛾𝑓)(𝑥) = ( 𝐷0,∞

𝛾,𝛼2−𝛾,𝛽2−  𝛾𝑓)(𝑥);  Re(γ) > 0                                   (3.6) 

 

𝐷0+
𝛼1,𝛽1,,𝛾𝑓(𝑥)  = (𝐼0+

  −𝛼1,−𝛽1,𝛼1+𝛾𝑓)(𝑥);   Re(𝛼1) >  0 

 

       = .
𝑑

𝑑𝑥
/
𝜇

(𝐼0+
−𝛼1+𝜇,−𝛽1−𝜇,𝛼1+𝛾−𝜇𝑓)(𝑥);  𝜇 = ,Re(𝛼1) + 1 -.                          (3.7)   

 

  𝐷0−
𝛼1,𝛽1,𝛾𝑓(𝑥)  = (𝐼0−

−𝛼1,−𝛽1,𝛼1+𝛾𝑓)(𝑥);   Re(𝛼1) >  0 

 

        = .−
𝑑

𝑑𝑥
/
𝜇

(𝐼0−
−𝛼1+𝜇,−𝛽1−𝜇,𝛼1+𝛾𝑓)(𝑥); 𝜇 = ,Re(𝛼1) + 1 -,                          (3.8)  

 
 
Where saigo fractional integral operators introduced by saigo´𝑠 [11] and defined as follows: 
 

(𝐼0+
𝛼1 ,𝛽1,𝛾𝑓)(𝑥)      

 

          =
𝑥  −𝛼1−𝛽1

𝛤(𝛼1)
∫ (𝑥 − 𝑡)𝛼1−1
𝑥

0
 ₂𝐹1 .𝛼1 + 𝛽1, − 𝛾; 𝛼1; 1 −

𝑡

𝑥
/ 𝑓(𝑡)𝑑𝑡,  

 
 

(𝐼0−
𝛼1,,𝛽1,𝛾𝑓)(𝑥)      

 

          =
1

𝛤(𝛼1)
∫ (𝑡 − 𝑥)𝛼1−1
∞

𝑥
𝑡−𝛼1−𝛽1  ₂𝐹1 .𝛼1 + 𝛽1, − 𝛾;  𝛼1; 1 −

𝑥

𝑡
/ 𝑓(𝑡)𝑑𝑡. 

 
The following image formula for a power function under the  saigo´𝑠 fractional integral operators is given [12] as follows: 
 

(𝐼0+
𝛼1 ,𝛽1,𝛾  𝑡𝜀−1)(𝑥) =  

𝛤(𝜀)𝛤(𝜀+𝛾−𝛽1,)

𝛤(𝜀+𝛼1+𝛾)𝛤(𝜀−𝛽1)
𝑥𝜀−𝛽1−1                                                              (3.9)    

 
   where  Re(𝜀)> 𝑚𝑎𝑥*0, Re(𝛽1 − 𝛾)+  and 
   
 

(𝐼0−
𝛼1 ,𝛽1,𝛾  𝑡𝜀−1)(𝑥) =  

𝛤(𝛽1−𝜀+1)𝛤(𝛾−𝜀+1)

𝛤(1−𝜀)𝛤(𝛼1+𝛽1+𝛾−𝜀+1)
𝑥𝜀−𝛽1−1                                                   (3.10)  

 
where  Re(𝜀)< 1 +𝑚𝑖𝑛*Re(𝛽1), Re(𝛾)+.   
 
Let  𝑓1(𝑥) = ∑ 𝐶𝑘𝑥

𝑘∞
𝑘=0  and  𝑓2(𝑥) = ∑ 𝐷𝑘𝑥

𝑘∞
𝑘=0  be two analytic fuctions with their radii of convergence 𝑅𝑓1  and 𝑅𝑓2 , 

respectively. Then their Hadamard product [9] is given by the following power series: 
  

  𝑓1 ∗ 𝑓2(𝑥) = 𝑓2 ∗ 𝑓1(𝑥) =∑ 𝐶𝑘𝐷𝑘𝑥
𝑘

∞

𝑘=0
;    (|𝑥| < 𝑅),                      (3.11) 
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Where 𝑅𝑐 ≥ 𝑅𝑓1 . 𝑅𝑓2   is the radius of convergence of the composite series. 

 

                                       4. Main Results 
 

Theorem 1.  Let  1,  2 ,  1,  2, γ ∈ ℂ  be such that  𝑥 > 0, Re(γ) >  0  and the 
 

conditions given in ( 1 . 1 ) , ( 2 . 1 ) and ( 3 . 1 ) be satisfied.  Then the left sided generalized  

fractional derivative of the product of generalized multi-index Bessel function 𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥) and multi-index Mittag Leffler 

function 𝐸
(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌 (𝑥)  is given by 

 

, 𝐷0+
𝛼1,𝛼2,𝛽1,𝛽2,𝛾 *𝑡𝛿−1𝙹

( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1𝑡)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2𝑡)+-( 𝑥) 

 

= 𝑥𝛿+ 1+ 2 − −1 {𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1)   × 𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2)} 

 

⨂∑∑
𝛤(𝑙 + 𝑘 +  ) (𝑙 + 𝑘+ − γ +  1 +  2 +  2)𝛤(𝑙 + 𝑘 + 𝛿 +  1 −  1)

𝛤(𝑙 + 𝑘 + 𝛿 −  1) (𝑙 + 𝑘 + 𝛿 − 𝛾 +  1 +  2)𝛤(𝑙 + 𝑘 + 𝛿 − 𝛾 +  1 +  2)
𝑥𝑙+𝑘

∞

𝑘=0

∞

𝑙=0

 

 
                                                                                                            (4.1) 

            Where ⨂ stands for convolution product of two functions 
 

 
Proof.  We refer to the left hand side of equation (4.1) by the symbol 𝐷1.  
 
                Then making the use of equation (1.1),(2.1)and (3.1) in (4.1), we have 
                                                                                                                                                                              𝐷1 ≡ 
 

[𝐷0+
𝛼1,𝛼2,𝛽1,𝛽2,𝛾   {𝑡𝛿−1∑

(𝜆)𝜇𝑙

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1)𝑚
𝑗=1

(−𝑥1𝑡)
𝑙

𝑙!

∞

𝑙=0

    ×∑
(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗 𝑘 + 𝐵𝑗)
𝑚
𝑗=1

(𝑥2𝑡)
𝑘

𝑘!

∞

𝑘=0

}] (𝑥) 

 
 
After changing the order of summations and derivative operator under the conditions of  
 
theorem, we obtain the above as  
 

=∑
(𝜆)𝜇𝑙

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1)𝑚
𝑗=1

(−𝑥1)
𝑙

𝑙!

∞

𝑙=0

×∑
(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

(𝑥2)
𝑘

𝑘!

∞

𝑘=0

 

 
 

                                × ,𝐷0+
𝛼1,𝛼2,𝛽1,𝛽2,𝛾(𝑡𝛿+𝑘+𝑙−1)-(𝑥) 

 
 

=∑∑
(𝜆)𝜇𝑙(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1) × ∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

𝑚
𝑗=1

(−𝑥1)
𝑙

𝑙!

(𝑥2)
𝑘

𝑘!

∞

𝑘=0

∞

𝑙=0

 



                     International Research Journal of Engineering and Technology (IRJET)       e-ISSN: 2395-0056 

                Volume: 12 Issue: 03 | Mar 2025              www.irjet.net                                                                         p-ISSN: 2395-0072 

  

© 2025, IRJET       |       Impact Factor value: 8.315       |       ISO 9001:2008 Certified Journal       |     Page 227 
 

 

                        × ,𝐼0+
−𝛼2,−𝛼1,−𝛽2,−𝛽1,−𝛾(𝑡𝛿+𝑘+𝑙−1)-(𝑥).   

 
           Using the image formula for power function under generalized operator (3.3),we get 
 

=∑∑
(𝜆)𝜇𝑙(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1) × ∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

𝑚
𝑗=1

∞

𝑘=0

∞

𝑙=0

 

 
 

×
(−𝑥1)

𝑙

𝑙!

(𝑥2)
𝑘

𝑘!
𝑥𝛿+𝑘+𝑙+ 1+ 2  − −1 

 

 
𝛤(𝑘 + 𝑙 +  ) ( 1 +  2 +  2 − γ +  + 𝑘 + 𝑙)𝛤( 1 −  1 +  + 𝑘 + 𝑙)

𝛤(− 1 + 𝛿 + 𝑘 + 𝑙) ( 1 +  2 − γ +  + 𝑘 + 𝑙)𝛤( 1 +  2 − γ +  + 𝑘 + 𝑙)
 

 
 
        Further, applying the definition (1.1) and (2.1) and convolution product on two series,      we obtain 
 

𝐷1 ≡ 𝑥𝛿+ 1+ 2  − −1 {𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2)} 

 

⨂∑∑
𝛤(𝑙 + 𝑘 +  ) (𝑙 + 𝑘+ − γ +  1 +  2 +  2)𝛤(𝑙 + 𝑘 + 𝛿 +  1 −  1)

𝛤(𝑙 + 𝑘 + 𝛿 −  1) (𝑙 + 𝑘 + 𝛿 − 𝛾 +  1 +  2)𝛤(𝑙 + 𝑘 + 𝛿 − 𝛾 +  1 +  2)
𝑥𝑙+𝑘

∞

𝑘=0

∞

𝑙=0

 

 
 
                       Where ⨂ stands for convolution product of two functions 
 

Theorem 2  Let  1,  2 ,  1 ,  2, γ ∈ ℂ  be such that 𝑥 > 0, Re(γ) >  0 and the Conditions  
 
given in ( 1 . 1 ) , ( 2 . 1 )  and ( 3 . 2 )  be satisfied. Then the right sided generalized  
 
fractional derivative of the product of generalized multi-index Bessel function  

 

𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥)   and multi-index Mittag Leffler function 𝐸
(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌 (𝑥)  is given by  

 

, 𝐷0−
𝛼1,𝛼2,𝛽1,𝛽2,𝛾 *𝑡−𝛿𝙹

( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1𝑡)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2𝑡)+-( 𝑥) 

 

= 𝑥−𝛿+ 1+ 2  − {𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2)} 

 
 

⨂∑∑
(− 1 −  2 + 𝛾 + 𝛿 − 𝑙 − 𝑘) (− 2 −  1 + γ +  − 𝑙 − 𝑘)𝛤( 2 +  − 𝑙 − 𝑘)

(𝛿 − 𝑙 − 𝑘) (− 1 −  2 − 𝛽1 + γ +  − 𝑙 − 𝑘)𝛤(− 2 +  2 +  − 𝑙 − 𝑘

∞

𝑘=0

∞

𝑙=0

𝑥𝑙+𝑘  . 

 
 

                                                                                                                                                                 (4.2) 
            Where ⨂ stands for convolution product of two functions 
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Proof.   We refer to the left hand side of equation (4.2) by the symbol 𝐷2.  
 
                Then making the use of equation (1.1),(2.1)and (3.2) in (4.2), we have 
                                                                                                                                                                              𝐷2 ≡ 
 

[𝐷0−
𝛼1,𝛼2,𝛽1,𝛽2,𝛾   {𝑡−𝛿∑

(𝜆)𝜇𝑙

∏ 𝛤(𝐴𝑗 𝑙 + 𝐵𝑗 + 1)𝑚
𝑗=1

(−𝑥1𝑡)
𝑙

𝑙!

∞

𝑙=0

    ×∑
(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

(𝑥2𝑡)
𝑘

𝑘!

∞

𝑘=0

}] (𝑥) 

 
 
After changing the order of summations and derivative operator under the conditions of  
 
theorem, we obtain the above as  
 

=∑
(𝜆)𝜇𝑙

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1)𝑚
𝑗=1

(−𝑥1)
𝑙

𝑙!

∞

𝑙=0

×∑
(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

(𝑥2)
𝑘

𝑘!

∞

𝑘=0

 

 
 

                           × ,𝐷0−
𝛼1, 𝛼2, 𝛽1,𝛽2,𝛾(𝑡−𝛿+𝑙+𝑘)-(𝑥).   

 
 

=∑∑
(𝜆)𝜇𝑙(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1) × ∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

𝑚
𝑗=1

(−𝑥1)
𝑙

𝑙!

(𝑥2)
𝑘

𝑘!

∞

𝑘=0

∞

𝑙=0

 

 
 

× ,𝐼0−
−𝛼2,−𝛼1,−𝛽2,−𝛽1,−𝛾(𝑡−𝛿+𝑙+𝑘)-(𝑥) 

 
 

     Using the image formula for power function under generalized operator (3.4),we get 
 

=∑∑
(𝜆)𝜇𝑙(𝜆)𝜌𝑘

∏ 𝛤(𝐴𝑗  𝑙 + 𝐵𝑗 + 1) × ∏ 𝛤(𝐴𝑗  𝑘 + 𝐵𝑗)
𝑚
𝑗=1

𝑚
𝑗=1

∞

𝑘=0

∞

𝑙=0

 

 
 

×
(−𝑥1)

𝑙

𝑙!

(𝑥2)
𝑘

𝑘!
𝑥−𝛿+𝑙+𝑘+ 1+ 2 −  

 
 

𝛤(− 1 −  2 + 𝛾 + 𝛿 − 𝑙 − 𝑘) (− 2 −  1 + γ +  − 𝑙 − 𝑘)𝛤( 2 +  − 𝑙 − 𝑘)

𝛤(𝛿 − 𝑙 − 𝑘) (− 1 −  2 − 𝛽1 + γ +  − 𝑙 − 𝑘)𝛤(− 2 +  2 +  − 𝑙 − 𝑘)
  

 
 
  Further, applying the definition (1.1) and (2.1) and convolution product on two series,     we obtain 
 
 

 𝐷2 ≡ 𝑥−𝛿+ 1+ 2  − {𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2)} 
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⨂∑∑
𝛤(− 1 −  2 + 𝛾 + 𝛿 − 𝑙 − 𝑘) (− 2 −  1 + γ +  − 𝑙 − 𝑘)𝛤( 2 +  − 𝑙 − 𝑘)

𝛤(𝛿 − 𝑙 − 𝑘) (− 1 −  2 − 𝛽1 + γ +  − 𝑙 − 𝑘)𝛤(− 2 +  2 +  − 𝑙 − 𝑘)
𝑥𝑙+𝑘

∞

𝑘=0

∞

𝑙=0

 

 
 
        Where ⨂ stands for convolution product of two functions  
                              

                                        5 . Special cases of the main results.          
 
Corollary 1. Let the conditions of Theorem 1 be satisfied and  1 = 0 ,  1 = 1 then the 
 
   Theorem 1 reduced in the following form: 
 
 

, 𝐷0+
0 ,𝛼2,1,𝛽2,𝛾 *𝑡𝛿−1𝙹

( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1𝑡)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2𝑡)+-( 𝑥) 

 
 

= 𝑥𝛿+ 2 − −1 {𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1)   × 𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2)} 

 
 

⨂∑∑
𝛤(𝑙 + 𝑘 +  ) (𝑙 + 𝑘 + 𝛿 − γ +  2 +  2)

 (𝑙 + 𝑘 + 𝛿 − 𝛾 +  2)𝛤(𝑙 + 𝑘 + 𝛿 − 𝛾 +  2)
𝑥𝑙+𝑘

∞

𝑘=0

∞

𝑙=0

 

 
                                                                                                            (5.1) 

            Where ⨂ stands for convolution product of two functions 
 

 
Corollary 2. Let the conditions of Theorem 2 be satisfied and  2 = 0 ,  2 = 1 then the 
 
   Theorem 2 reduced in the following form: 
 
 

, 𝐷0−
𝛼1,0,𝛽1,1,𝛾  *𝑡−𝛿𝙹

( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1𝑡)   ×  𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2𝑡)+-( 𝑥) 

 

= 𝑥−𝛿+ 1  − {𝙹
( 𝐵𝑗)𝑚,µ

( 𝐴𝑗)𝑚,𝜆(𝑥1)   × 𝐸(𝐴𝑗,𝐵𝑗)𝑚

𝜆,𝜌
(𝑥2)} 

 
 

⨂∑∑
 (− 1 + 𝛾 + 𝛿 − 𝑙 − 𝑘) (− 1 + γ +  − 𝑙 − 𝑘)

 (𝛿 − 𝑙 − 𝑘) (− 1 − 𝛽1 + γ +  − 𝑙 − 𝑘)

∞

𝑘=0

∞

𝑙=0

𝑥𝑙+𝑘 . 

 
 
                                                                                                                                                                 (5.2) 

            Where ⨂ stands for convolution product of two functions 
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