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Abstract

In the present paper we have introduced multi-index Bessel function and multi-index Mittag Leffler function and established
the generalized fractional derivative operators of the product of generalized multi-index Bessel function and multi-index
Mittag Leffler function. Further, the Riemann-Liouville, fractional derivative operators of given functions are obtained.
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Definitions

1 Generalized Multi-Index Bessel Function

For A;,B;,A,€ C,p> 0,Re(A1) > 0 the generalized multi-index Bessel function is defined by Choi and Agarwal [1] in the
following summation form:

(Aj)m,l _ N (/1);4[ (—X)l ]
J(Bj)m’u(x) - ZOHTqF(Aj I+ Bj + 1) n’ (m € N) (1.1)

where Re(B]-) > —land ¥, Re(A]-) > max {0; Re(u) - 1}
2 Generalized Multi-Index Mittag Leffler Function

For A;, B;, 4, p € C, the generalized multi-index Mittag Leffler function is defined by Saxena and Nishimoto [13] in the
following summation form
- p) xk
Bl (=Y — X,
B i) LT}, T (A k + B;) k!
where fRe(Bj) > 0 and Z}nzlﬁe(Aj) > max {0; Re(p) - 1; 0}.

(m € N) 2.1)

For m = 1 the generalized multi-index Mittag Leffler function (2.1) reduce into the generalized Mittag-Leffler function given
by Shukla and Prajapati [16] and defined as

[ee]

(A)pk x

LT (Ak + B) k!’ 2.2)

A,
EA_g (x) =

where A,B,1 € C; Re(4) > 0,Re(B) > 0,Re(1) > 0andp € (0,1) UN

For m = 1and p = 1, the generalized multi-index Mittag Leffler function (2.1) reduce into the_generalized Mittag-Leffler
function given by Prabhakar [10] defined as
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[oe]

Dk xk

LT (Ak +B) k!’ 23)

EA%,B x) =

where A,B,A € C; Re(A) >0, Re(B) > 0, Re(1) > 0,x € C and (1) is the well known Pochhammer symbol.

3 Generalized Fractional Derivative Operators
For p = [Re(y) + 1] and x > 0, where ay, a,, By, B2, Y € C with Re(y) > 0, the

generalized fractional derivative operators are defined [ 12, 15 ] as follows:

pirezbibeY £y = (1 PP £y (1) Re(y) > 0

woo_ _B. —
= (&) aremeta oy ), G

Dy Y f () = (18P £ )y Re(y) > 0
B v g By — -
= (_;_x) (10_‘er ay,—B2,—f1+1, Y+I-¢f)(x). (32)
Where generalized fractional integral operators are defined as

(Igirazﬁlrﬁzf]’f) (X)

x TO x (x—t)Y 1 t x
= e Fs (e @ By Bivil =51 =) fOdt

and

(Ig_lnaziﬁlnBZ,Yf) (X)

x ~%2 coo (t—x)Y~1 x ¢
T fx a1 F3 (“1' az P, ,Bzi)/:l—?,l—;,)f(t)dt.

The following image formula for a power function under the generalized fractional integral operators is given [15] as follows:
(Igi.az,ﬁpﬁz,yts—l)(x)

g, ety —a;—a, —pf e—a,+ 0,

=T
£+ By, e+y—a;—ay, £+y—a2—ﬁ1,x

s—al—a2+y—1' (33)

where Re(&)> max{Re(a; + a, + B, — ), Re(a, — ,),0} and
(1(1)11'azr51'32r1’t—5)(x)

a+a,—y+e a+B,—v+s b +¢ JU—"

=r g, a,+a, +B,—yv+e a;—pBi+e¢

(3.4)

where Re(g)< 1+ min{Re(—8;), Re(a; + B, —v), Re(a; + @, —y)} and
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F[%v % Qs I'(a)l (a)l (as)
Bl' Bz Bl ™ r(BOI (BT (B3)

The generalized fractional derivative operators reduce into the saigo fractional derivative operators due to the following
relations:

(Dos®™ 2 fy(x) = (DY £)(@); Re(y) > 0 (-5

(D2 PP £y () = (DY P2 Y ) (x); Re(y) > 0 (3:6)
Dot f(x) = (U P ) (); Re(ay) > 0

= (L ) (gt Pmiety i ey (), w = [Re(ay) + 11 (3.7)
DerFYF(x) = (IS PP ) (x); Re(ay) > 0

( ) (0a1+ﬂ -B1- Ha1+}’f)(x) U= [RE((Zl)+ 1] (38)

Where saigo fractional integral operators introduced by saigo’s [11] and defined as follows:

P £ (x)

-a1-P1

_x o) f;(x — )17l ,F, (a1 +6, -V a1 — _) f(t)dt,

U™ @)

= s [ =0 T P E, (@ + By - s @1 =) F(O.
The following image formula for a power function under the saigo’s fractional integral operators is given [12] as follows:

a1,y pe-1 rErE+y=—»P1) _e-p-1
Uoe ™70 = reyarimrtepn ™ (3.9)

where Re(&)> max{0,Re(B; —y)} and

a1 .BLY pe-1 _ _PBi—e+)I(y—6+1) c—p,—1
(IO_ t )(x) - F(1—s)F(a1+Bl+y—€+1)x ! (3'10)

where Re(g)< 1+ min{Re(B;), Re(y)}.

Let f1(x) = X% Cex® and fo(x) = X5 Drx® be two analytic fuctions with their radii of convergence Rf, and Ry,
respectively. Then their Hadamard product [9] is given by the following power series:

fixfo(x) = fox fi(x) = Z:ZOCkaxk; (Ix] < R), (3.11)
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Where R. = Ry,. Ry, is the radius of convergence of the composite series.

4. Main Results
Theorem 1. Let a;, a,, B, B2, Y € C besuchthat x > 0,Re(y) > 0 and the

conditions givenin (1.1),(2.1)and (3.1)be satisfied. Then the left sided generalized

)m'l(x) and multi-index Mittag Leffler

(4;
fractional derivative of the product of generalized multi-index Bessel function J(B )
W mp

. Ap . .
function E(Aj’Bj)m(x) is given by

[ Dg‘i-az‘ﬁpﬁz-y {tﬁ—ljg

ml( 16) X E(A Bj), (x20)}](x)

(

®§:§: FA+k+OTU+k+8—y+ay +ap + B +k+8+0 —B) .,
L TU+k+8—BOTU+k+8—y +ar +a) U +k+6—y+a +By)

(4.1)
Where ® stands for convolution product of two functions

Proof. We refer to the left hand side of equation (4.1) by the symbol D;.

Then making the use of equation (1.1),(2.1)and (3.1) in (4.1), we have

D, =
etabibay |51 D (—at) X OGO
D By X ) — |
M, r(4;1+ B+ 1) U HFlr(Aj k+B;) Kk

After changing the order of summations and derivative operator under the conditions of

theorem, we obtain the above as

~ i D (-x)' i Do ()"
LI (4l B+ 1) U T AT, (4 k+ By) k!

x [Dal ,a2,B1,B82, V(t5+k+l_1)](x)

_ i i D@D (—x)! ()t
LT T(A L+ B+ ) XTI (A k+By) 1L k!

k=0
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X [ BBy (k-1 )

Using the image formula for power function under generalized operator (3.3),we get

~ i i D)) pie
LT, T(A L+ B+ 1) XTI, T(4) k + B)

=0

( xl) (xZ) xS+l tap —y=1
T

Fe+1+8T(ay +oy+By—y+8+k+DI(ay =By +8+k+1)
T(B,+0+k+Dl(a, o —vy+0+k+DI (o, +P,—v+0+k+1D)

Further, applying the definition (1.1) and (2.1) and convolution product on two series, we obtain

(4;
D, = xS+u+as —y—1{ (B])ml(xl) X E(A 5)) (xz)}

®ii FA+k+OTU+k+8—y+a; +ap + B +k+8+0 —B) .,
T

1=0 k=0 I+k+6-BIU+k+6—yv+to+ta)[(I+k+5—y+a;+PB;)

Where ® stands for convolution product of two functions
Theorem 2 Let oy, a,, B4, B2, Y € C besuchthatx > 0,Re(y) > 0 and the Conditions
givenin (1.1),(2.1) and (3.2) be satisfied. Then the right sided generalized

fractional derivative of the product of generalized multi-index Bessel function

JEBj;m’l(x) and multi-index Mittag Leffler function E(A ) (x) is given by

o _s- (A
[D0_1. 2B1.82¥ {t 5J(B]) l(xlt) X E(A B) (th)}](x)

= x70rare _y{ EB )ml( x) X E(A Bj) (xz)}

ii(—al—a2+y+é‘—l—kﬁ‘(—a2—[31+y+8—l—k)1‘([32+8—l—k)

® G —1—k)T(—0y —0y — B +y+06—1l—k)I(—a, + P, +6—1—k

1=0 k=0

(4.2)
Where @ stands for convolution product of two functions
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Proof. We refer to the left hand side of equation (4.2) by the symbol D,.

Then making the use of equation (1.1),(2.1)and (3.2) in (4.2), we have
D, =

ag,a _ C - L - A) (x t)k
p&v 2.B1,B2¥ 5 (A)y,l (—xqt) ( ok ;
" t ;H%F(AJHBJ +1) U X;HT:J(Ajk+Bj) [

After changing the order of summations and derivative operator under the conditions of

theorem, we obtain the above as

_ i D (-x)' D Do )
£ e, r(4;i+B+1) U V] [, r(4k+B;) k!

% [Dg‘_l- az, ﬁl-ﬁz-)/(t—6+l+k)](x)_

_ ii D)) (—xD)! ()"
- M, (A 1+B + 1) T, F(4 k+B) I Kk

% [Io—_az-—ap—ﬁz‘—ﬁp—y(t—5+l+k)] x)

Using the image formula for power function under generalized operator (3.4),we get

o]

~ i Z D) i
B T, r(A; 1+ By + 1) x [T, T (4 k + B))

1=0 k=0

— )l k
(—x1)" (x2) xS +ltkto tap -y

O TR

M~y — oy +y+6—1— KT (=0, =By + Y+ 8 —1—k)[(B, + 8 — L — k)
TG —1—KI(—ag—ag — P +Y+06—1— k) (—0y + By +6—1— k)

Further, applying the definition (1.1) and (2.1) and convolution product on two series, we obtain

(45)
D, = x~Startaz -y {J(B;)m.l(xl) X E(AAIJ)B]) (xz)}

mu
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®ii1‘(—a1—a2+y+5—l—k)l"(—oc2—[31+y+8—l—k)1"([32+8—l—k)

1=0 k=0

Where ® stands for convolution product of two functions
5. Special cases of the main results.
Corollary 1. Let the conditions of Theorem 1 be satisfied and «; = 0, B; = 1 then the

Theorem 1 reduced in the following form:

,a ( m,
[DO 21.32)’{1:5 IJ(B]) )‘(xlt) X E(A B) (xzt)}](x)

(4;
= x0* _y_l{ (Bj )ml( x1) X E(A Bj) (xz)}

®ii TA+k+8TU+k+8-y+au+B) .,
r

L LT+ k+5—y +a) [+ k+5—y+B)"

(5.1)
Where ® stands for convolution product of two functions

Corollary 2. Let the conditions of Theorem 2 be satisfied and «, = 0, $, = 1 then the

Theorem 2 reduced in the following form:

" _s- (A,
[D0_1.0./31,1,Y {t 6J(B}) A(xl t) X E(A By, (x2t)}(x)

(4;
= x7o%u _y{ (B])mz(xﬂ X E(A B)) (xz)}

Ty +y +8— L= TP +y+6—-1—k) .,
®ZZ x

Ll TE— 1=~ — B +y+5-1-Kk)

(5.2)
Where ® stands for convolution product of two functions
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